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p.  5,  line  9,  Replace  "coveriant"  ty  "covariont." 

p.  8,  line  15,  Replace  "...  system-  This  system  ..." 

hy  "  ...  system,  vrtiich  ..." 

p.  11,  line  2,  Replace  "gollowing"  "by  "fallowing." 

Pc  l6,  line  2,  The  symbol  on  this  line  is 

p.  19,  line  7,  Replace  "(Synamical"  by  "canonical." 

p.  23,  line  20,  Replace  "Let  us  consider  ..."  by 

"Let  us  therefore  consider..." 
line  22,  Replace  "It  will  be  shown  ..." 

by  "'Hie  Uncertainty  Principle  then  states..." 
p,  21,  Sentence  beginning  at  bottom  of  page  should  be 

changed  to  read  "It  will  then  be  shown  to  hold  also 

*  for  the  system  S  and  by  Judicious  choice  of  appara 

•  tuses  ^d  couplings,  may  therefore  be  extended  to 

all  physical  systems."  * 

p.  •  Th®  tilde  should  be  inserted  in  Eqs.  (9.2-29) 

and  (9»2»30). 

p-  27,  line  9,  Replace  "methe  by  "mathe 

line  l4.  Replace  "physics"  by  "formalism. " 

p.  30,  line  l6^  Replace  "true  null  eigenvectors"  by 

"true  eigenvectors  cojjresponding  to  zero  eigenvalues 
P-  33,  line  8,  Replace  "true  null  eigenvectors"  by  "true  eigen¬ 

vectors  corresponding  to  zero  eigenvalues." 
p.  36,  Eq.  (9- 3-19),  Replace  "6£*"  by  "6j\" 
p.  40,  Eq.  (9-3-37),  Replace  by  BgA-" 


p.  42,  JSq.  (9.3.'<0), 
p.  43,  line  15, 
p.  46, 


p.  ^7,  line  2, 
p.  48,  line  l4, 
p.  49,  lines  3  4, 

Eq.(9.3.60), 
p,  50>  line  5, 

P.  52,  Eq.  (9.4.7), 

P.  53,  Eq.  (9.4.9), 


Replace  H  "-6.(A,B)-" 

Replace  "...  the  chapter."  by  "...  Part  I." 

Sentence  beginning  at  bottom  of  page  should  be  changed 
to  read  "In  Section  7.  the  extension  of  the  method  to 
the  fully  relativistic  situation  in  which  the  gravita¬ 
tional  field  itself  is  given  dynamical  properties  will 
be  discussed." 

emit  "only. "  ,  • 

Insert^  after  "l- column  array." 

Replace  "  by  "81^’^’. " 

Insert  "T"  after  integral  sign  in  first  line. 

Equation  nxjnber  should  read  "(9* 3.^2)." 

Replace  "m"  by  "m”^." 

Replace  all  "="  signs  by  "s"  signs.  All  x*s  should 
be  boldface^  "x" 


Eq.  (9.4.10),  Insert 


AA 

sign  in  front  of  the  lower  Poisson  bracket 


line  8, 

p.  55,  Eq.  (9.4.17), 
P.  57, 

p.  58,  line  8, 
line  19, 
p.  63,  line  4, 

P.  64, 


in  this  equation. 

Replace  "©(t  -  t*)"  l>y-*"0(t  -  t*)." 

Replace  x*s  by  x*e. 
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p-  67,  line  11, 
p.  68,  line  I2, 
p.  70, 

p.  7I,  line  2, 


Replace  "one"  by  "once." 

Replace  "u"  by  " 

Insert  "  =  "  sign  In  Eq^.  (9.5.7). 
Replace  "Bw*’  by  *BW." 
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Eq.  (9.5.16),  Replace  "="  sign  by  "  =  "  sign. 
p.72,  Eq*  t9.5*^^  shovad  read  '  "f  -  (f,  H)," 
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Replq^  4y  ‘Sit*.  t»)." 
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P*  75,  line  12, 
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1 
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82,  line  1,  Replace  "  (9.5-58)"  by  "(9-5-60)." 

p.  83,  lines  9  and  ID,  Replace  "strictly  local  considerations"  by  "use  of 

local  rest  frames." 

Insert  comma  after  "functions." 


p.  84,  line  l4, 

p.  86, 


Eq.  (9-5-76)  should  read 

"  (-x2)2  P'"  P*^  x‘^  x*^  y  ^xP  . 

'  '  d(x)  ^  K  \  p  ,a  ,b  ,c  ,c 
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p.  86,  Xine  IX, 
p.  88,  line  2, 


Replace  "(9.>k2  )"  by  "(9.^.25)." 
Replace  "(9.5-52)"  by  "(9.3.52)." 


lines  7  and  8,  Replace  "...  the  following  section,"  by  "...  Part  II," 
p.  I-iv,  Third  line  below  Eq.  (A.U):  Replace  "P.\  ^iA*  ' 

Fourth  line  below  Eq.(A.ll):  Replace  "P^^,  A^^"  by  "P^^^,  Q^." 

p.  I-vl,  Eq.  (A.i8),  Factors  following  " - "  in.  integrand  of  second  line  of 
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The  quantities  "f*^  ,  .n"  end  "f*^. ,  in  the  square 
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P.  I-ix, 

p.  I-x, 

p.  89,  line  14, 
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This 
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bottom  of  p.  I-vii. 
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of  this  equation. 
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Replace  "every  thing"  by  "everything." 

Replace  "qunatities"  by  "quantities." 
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by 


e'C* 
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Replace  -  "  by 

J  M 

Insert  "t"  after  "subscripts." 


Eq.  (9.6.44),  First  tern  on  right  should  read  "G^  ." 
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p.  100,  line  10,  Replace  "considerable"  by  "considerably." 

p.  102,  line  10,  Replace  "varifies"  by  "rerifies." 

p.  103,  lliird  line  froa  bottom:  Replace  "Eq."  by  "Eqs." 

p.  lo6.  Second  line  from  bottom:  Replace  "conditions"  by  "conditions." 

p.  109,  line  8,  Replace  "if"  by  "It." 


P-  112, 

p.  117,  Eq.  (9-7.18), 


First  term  on  right  of  Eq.  (9-7.4)  should  read 

Terms  follovflng  the  "  -  i  "  in  the  second  nnd  third 
lines  of  this  equation  should  be  enclosed  in  square 
brackets. 


line  18, 

p.  118,  Eq.  (9-7-21), 
p,  12L,  Eq.  (9-7-41), 
P'.  122,  Eq.  (9-7-42), 
last  line, 

p.  125,  Eqs-  (9.7.60), 


p-  127,  line  IJp 

p.  128,  11]«»  16, 

P-  130,«llne  * 

P.  133^1ne  I6,  • 


Lvsert  "for*  oXtor 

Indices  on  "b"  Bhcft.d  b^in  lower  position. 

Insert  "i*  after  ^  * 

"D"  shovU-d  be  dotted.  • 

Replace  "(4^)  -  ^  4?)"  by  "(k^^  - 

Bracket  these  equations  toother  with  a  large  curly 

bracket.  • 

Replace  *x*-axis"  by  "x^-axls."  • 

Replace  "elastic  moduli  by  "internal  stresses." 

Replace  "oust"  by  "must."  ® 

Replace  "enpnphasized"  by  "emphasizA." 


last  l^pe,  •  Replace  "measure"  by  "measured-' 


P.  135,  line  If, 

p.  138, 


Replace  "magnltued"  by  "magnitude." 

Sentence  beginning  on  line  I7  shoxild  be  changed  to 

if 

read  At  the  beginning  of  the  interval  T,  instead  of 
'adjusting  the  internal  stresses  so  as  to  insure 

strain  rigidity  we  ’  sln5>ly.  let  the  elastic  moduli  all 
fall  abruptly  to  zero." 
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p.  H^3, 


p.  146,  line  14, 
p.  149,  llJie  2, 


£q.  (9.8.44)  should  read 

■  --'■(Pi/  -  Pi/)  At.” 


Replace  "In"  by  "in. 

Replace  "strain  tensor"  by  "strecs-energy  density." 


p.  150,  Eqs-  (9.8.64),  Replace  "^(o)l  *" 

p.  152,  line  15,  Replace  "displacement"  by  displacement c." 

There  is  no  page  nvmbered  I63. 


p.  l64,  line  10, 
p.  169,  line  8, 

p.  171,  line  12, 


Insert  "of"  after  "(D.15)." 

Replace  "region,  will  in  virtue  ..."  by  "region  will, 
in  virtue  ..."  • 

Replace  "is  a  theory"  by  "is  basically  a  theory."  ^ 


p-  173,  Second  line  from  bottom:  Replace  "...  approach.  For,  on  ..." 

by  "...  approach,  for  on  ..." 
p.  Il-ii,  Eq.  (B.10),  Last  term  shoiad  read  "naw*^v''6J." 
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p,  ll-vi,  Eq.  ^B.33),  •  Last  term  of  second  line  of  this  equation  should 


read  "G‘ 


Tbe’e* 


Eq.  (B.34),  Quantities  "  "  and  "F^  „  "  in  the  first 

column  of  first  matrix  should  be  replaced  by 
,  "^07*  "  "  respectively.  First  matrix 

should  be  preceded  by  a  square  loracket. 
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p.  Il-ix,  Eqs.  (C.I3),  Replace  final  factor  "(t  -  t)"  by  "(t  -  t*)." 


6 


should  be  dotted. 


p.  Il-xii,  El.  (D.5), 
p.  Il-xiii,  El.  (D-8),  Replace  in  the  fourth  line  of  thic 

**  equation  by  the  co- 

*  U 

voriant  proper  time  derivative  of  6  . 

^  p.  ISD,  line  1,  Replace  by  "1^^-" 
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CHAPTil^  9 


TH13  QUANTIZATION  OF  GECMETi^Y 
Bryce  S»  DeWitt 

(9.1)  ‘introduction* 

The  development  of , fundamental  concepts  .in  theoretical  physics  . 
since  1900  has  been  very  much  a  story  of  the  epistemological  analysis  of 
space  and  time  on  the  one  hand  and,  within  the  framework  of  quantum 
mathematics,  of  the  notions  of  observation,  measurement,  and  indetermin¬ 
ism  on  the  other.  These  two  aspects  of  physical  theory  have  ^ways  re¬ 
mained  sharply  distinguished,  in  spite  of  the  profound  influence  that 
each  has  exerted  on  the  other  and  the  deep  connection  which  undoubtedly 
•exists  between  them.  This  chapter  is  an  attempt  to  indicate  the  nature 
<;f  and  ideas  involved  in  the  problem  of  removing  this  division  in  physics 
in  a  manner  which  goes  beyond  the  already  familiar  superposition  of  the 
ideas  of  special  relativity  upon  a  quantum  framework. 

In  a  restricted  technical  cense  the  problem  under  consider%ticn 
is  referred  to  a^"the  quantization  of  the  gravitational  field."  It 
should  be  stated  at  the  outset  that  there  is  no  experimental  motivation 
for  the  investigation  of  this  problem  whatsoever.  The  inescapable  lessons 
which  Nature  has  been  teaching  in  the  laboratory  during  the  past  sixty 
years,  concerning  her  fundamental-  symmetries  and  the  .group- theoretical  . 
•properties  of  the  mathematical  formalisms,  which  describe  her,  have  fallen 
short,  of  providing 'a  conplete  synthesis  of  the  observational  viewpoint  in 
physics.  The  motivation  for  "quantizing  the  gravitational  field"  therefore 


consists  solely  in  the  fact  that  the  program  is  utterly  logical.  It 

no  new  hypotheses.'.  It  rests  con^letely  on  the  general  theory  of 

relativity  and  on  conventignal  quantum  theory, .  of  irtiich  the  latter  has 

•  *  •  •  •• 

been°established  as  correct  beyond 'ail  doubt,  - while  the  former,  although 
lacking  as  firm  an  escperimental  foundation,  has,  because  of  its  beauty 
and  powerfiil  viewpoint,  deeply  influenced  better  established  ^eas  of 

physics.  0 

One  should,  of  course,  not  fail  to  mention  certain  speculations 

which  have  been  made  from  time  to  time  (Pauli,  1956;  Klein,  1955#  1957; 
Landau,  1955;  Deser,  1957)  concerning  the  possibility  that  a  quantum- 
' fluctuating  gr^itational  field  may  remove  the  divergences  in  conventional 
relativistic  quantum  field  theories,  by  providing  a  natural  "cut-off." 

We  shall  have  occasion  later  to  discuss  such  a  natural  limit.  However, 
there  exists  as  yet  absolutely  no  concrete  mathematical  evidence  either 
to  support  or^to  .deny  these  speculations.  A  l''ng  program  of  formalism 
building  and  calculation  is  an  unavoidable  prerequisite.  We  shall  there¬ 
fore  dismiss  ■this  problem  from  discussion  and  turn  to  the  fundamental 
considerations  which  -will  determine  -the  character  of  the  formalism  itself. 

The  problem  of  constructing  a  formalism  for  quantum  gravidynamics 
has  been  under  ^udy  for  at  leasis  the  past  dozen  years  and  has  proved  to 
be  a  particularly  vexing  one .  No  attempt  will  be  made  here  to  give  an 
hls'torlcal  survey  of  the  work  that  has  been  done,  although  lessons  learned 
from  it  will  constitute  an  important  factor  in  controlling  o\ir  method  of 
'procedure.  The  bibliography  at  the  end  of  the  chapter  contains  a  fairly 
conplete  list  of  references  to  work  appearing  after  1955*  For  references 
to  earlier  work  -the  reader  should  consult  the  article  by  Bergmann  in  the 


proceeding*  of  "The  jubilee  of  Relativity  Theory"  (Bergmnnn,  1956). 

The  problem  may  be  approached  from  either  of  tivo  viewpoints,  loosely 
described  as  the  "flat  space-tine  approach"  and  "the  geometrical  approach".  In 
the  flat  space-time  approach,  which  has  been  investigated,  by  several  authors 
(Feynman,  1957;  Thirring,  1959;  Gupta, 1952,  1957;  Belinfante,  1957;  Birkhoff, 
194hj  Moshinsky,  I95O;  Rosenfeld,  I950)  tho  gravitational  field  is  regarded 
as  just  one  of  several  known  physical  fields,  describable  within  the  Ixirentz- 
invariant  framework  of  a  flat  space-time.  Its  couplings  with  the  other  fields 
are  largely  determined  by  e:q?eriment  together  with  considerations  of  simplicity 
involving  the  mathematics  of  8pin-2  fields.  These  couplings  lead  to  a  contrac¬ 
tion  or  elongation  of  "rigid"  rods  and  a  retardation  or  advancement  of  "standard' 
clocks,  which  are  independent  of  the  individual  characteristics  of  these  instru¬ 
ments,  in  the  proximity  of  gravitating  matter  as  well  as  in  regions  containing 
strong  gravitational  radiation. 

In  the  gecanetrical  approach  to  quantization,  on  the  other  hand  (which  owes 

so  much  to  the  work  of  Bergmann - see  bibliography),  the  theory  of  gravitation 

is  regarded  in  classical  Einsteinian  terms  as  a  theory  of  the  geometry  of 
space-time,  in  which  rigid  rods  and  standard  clocks  are  themselves  regarded 
as  providing  the  local  definition  of  invariant  intervals.  Both  the  geometri¬ 
cal  and  flat  space-time  points  of  view  have  the  same  real  physical  content. 
However,  it  has  been  argued  that  the  flat  space-time  approach  provides  more 
immediate  access  to  the  concepts  of  conventional  quantum  field  theory  and 
allows  the  techniques  of  the  latter  theory  to  be  directly  applied  to  gravita¬ 
tion.  While  there  is  merit  in  this  argument,  too  strong  an  insistence  upon 
it  would  constitute  a  failure  to  have  learned  the  lessons  vrtiich  special 
relativity  has  itself  already  taught.  JUst  as  it  is  now  universally  recog¬ 
nized  as  inconvenient  (although  possible)  to  derive  the  Lorentz-Fitzgerald 
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contraction  from  relativistic  modifications  in  the  force  laws  between  atoms, 
so  it  will  almost  certainly  prove  inconvenient  at  seme  stage  to  approach 
space-time  geometry,  even  in  the  quantum  domain,  in  terms  of  fluctuations 
in  standard  intervals  which  are  the  same  for  all  physical  devices  and  hence 
unobservable.  In  both  cases  it  is  the  exigence  of  an  underlying  invariance 
group  which  really  controls  the  interpretation  of  the  for^lism.  In  this  chap¬ 
ter  the  geometrical  appr<Dach  will  be  firmly  adhered  to  and  the  invariance  group 
will  be  placed  as  much  as  possible  in  the  foreground. 

Unfortunately  it  is  precisely  the  existence  of  the  coordinate  invariance 
group  of  general  relativity  which  is  responsible  for  most  of  the  difficulties 
which  have  been  encountered  in  attempts  to  quantize  geometry.  It  may  be  shown 
by  quite  genersd.  arguments  (Utiyama,^959)  that  the  existence  of  such  a  group 
always  gives  rise  to  constraints  which  must  be  satisfied  by  the  "initial  data ' 
chara(^erizins  individual  solutions  of  the  dynamical  eqviations.  Althoxigh  ^ 
great  concentration  of  effort  has  been  brought  to  bear  on  the  problem  of  con- 
straints,  no  one  has  yet  found  a  way  to  formalize  the  problem  without  introducing 
the  canonical  fundamentals  of  a  Hamiltonian  or  quasi»H4mlltonian  theory  (Dirac, 
1958,  1959;  Arnowitt,  Deser  and  Misner,  1959#  19^0;  Anderson,  -1.958#  1959; 
mann,  1956,1958)«  The  canonical  approach,  however,  treats  space  and  time  asym¬ 
metrically  and  does  not  fit  comfortably  with  the  invariance  group.  In  certain 

respects  it?  represents  a  retreat  back  to  the  flat  space-time  viewpoint---  par- 

•  » 

ticularly  when  asynrototically  Mliiowskian  coordinate  conditions  at  infinity  are 
imposed.  Myeover,  the  overriding  need  to  discover  a  "reduced  Hamiltonian  , 
which  the  constraint  problem  Imposes,  has  sometimes  led  to  the  extrava^nt 
•  claim  that  the  canonical  formalism  is  essential  to  the  quantization  program^ 

The  na.T  viewpoint  represents  an  endeavor  to  maintain  close  contact  with  • 

familiar  ports  of  quantum'  theory  by  casting  quanttm  gravidynamics  into 


conventional  language.  However,  the  resulting  fonaalism  becomes  quite  com¬ 
plicated  already  at  an  elementary  level.  Furthermore,  it  is  found  to  be 
rather  removed  from  immediate  and  local  invariant  physical  concepts.  The 
possibility  must  therefore  be  considered  that  the  conventional  language  either 
asks  the  wrong  questions  or  else  poses  them  incorrectly. 

•  At  this  point  opinion  divides,  ^e  workers,  feel  that  however  ^jirbitrary 
the  distinction  between  spa^e  and  tike  may  be^  the  conventional  language  is 
both  necessary  and  appropriate.  Others,  including  the  present  author,  feel 
that  a  language  which  is  manifestly  coveriant  at  every  stage  is  not  only  desir¬ 
able  but  attainable.  In  the  following  sections  a  possible  way  to  develop  such 
a  1  will  be  indicated.  In  this  development  tomlltonian  ideas  are  dis¬ 

pensed  with  entirely  and  space-time  is  treated  in  a  cmpletely  homogeneous 
fashion. 

A  basic  tool  in  what  follows  is  a  definition  of  the  classical  Poisson  brac¬ 
ket  by  means  of  Green's  functions,  which  is  independent  of  any  definitions  of 
pairs  of  conjugate  variables  and  which  is,  in  effect,  a  straightforward  exten¬ 
sion  of  a  definition  originally  proposed  by  Peierls  (1952).  The  point  of  view 
will  be  adopted  that  Poisson  brackets  ( i .  e .,  commutators )  should  be  defined  only 
between  invariants,  i.e.,  quantities  which  are  invariant  not  only  under  the 
group  of  coordinate  transformations  but  also  under  any  other  Infinite  dimen¬ 
sional  transformation  groups  possessed  by  the  dynamical  systems  \mdfir  consider¬ 
ation.  This  automatically  eliminates  the  need  for  subsidiary  conditions,  which 
have  always  to  be  specially  tailored  "to  each  individual  system  and  which  have 
proved  so  often  bothersome’ -lii  the  past.  .  Furthermore,  this  approach  is  in 
accord  with  the  foundations  of  the  quantum  theory  as  e:q>ressed  in  tlfe  general 
theory  of  measurement.  Real  physical  measurements  can  be  performed  only  on 
group  invariant  quantities,  and  the  interference  between  two  measurements 
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which,  via  the  Uncertainty  Principle,  defines  the  commutator,  is  most  immed¬ 
iately  descrihed  not  in  terms  of  canonically  conjugated  variahles  at  a  given 

•  -  •  t 

instant,  hut  in  terms  of,  the  Green's -functions  which  express  the  laws  of 
•  •*  ,  * 

propagation  of  anally  disturbances' and. whic^  satisfy  certain  fundamental  recip¬ 
rocal  relations. 

In  quantum  electrodynamics  this  role  of  the  Green’s  functions  was  demon¬ 
strated  at  a  very  early  date  in  the  classic  paper  of  Bohr  and  Rosenfeld  (1953  )> 
which  made  no  use  of  subsidiary  conditions,  and  to  which  the  author  of  the 
present  chapter  is  heavily  indebted  as  will  be  Immediately  apparent  in  the 
sections  to  follow.  This  indebtedness  may  seem  in  one  respect  surprising,  not, 
to  be  sure,  'because  of  any  present-day  diminution  in  the  importance  of  this 
classic  work,  'but  'because  its  cogent,  as  Bohr  and  Rosenfeld  have  themselves 
repeatedly  indicated,  was  guided  in  every  way  by  the  existence  of  an  already 
developed  formalism,  whereas  here  we  are  trying  to  "put  the  cart  before  the 

-horse"— to  develop  the  formalism  itself  with  the  aid  of  the  ideas  of  the 

*  • 

theory  of  measurability.  The  reason  for  this,  however,  lies  in  the  very 

nature  of  the  general  theory  of  relativity  and  of  its  extremely  close  kinship 

2 

in  point  of  view  with  the  conceptual  foundations  of  the  quantum  theory. 
Furthermore,  having  the  work  of  Bohr  and  Rosenfeld  already  before  us  is  some¬ 
thing  quite  different  from  doing  the  same  thing,  in  ignorance  of  it,  for 
another,  more  complicated, system. 

Kow,  there  are  certain  immediate  obstacles  to  carrying  out  a  program  along 
the  above  lines.  The  first  consists  in  the  fact  that  in  the  theory  of  the 
pure  gravitational  field  the  invariants  which  come  easily  to  mind  (e.g., 
space-time  Integrals  of  sceaar  densities  formed  out  of  the  metric  and  its 
derivatives)  have  not  so  far  proved  to  'be  \iseful  objects  with  which  to  test 


No  one  has  yet  found  a  way  of  usin? 


the  theory  throu6h"Gedankenme86ungen." 
these  objects  to  obtain  detailed  information  on  the  internal  dynamics  of 
the  field.  At  the  present  stage  of  the  theory  'trtiat  appears  to  be  needed,  if 
caie  insists  on  maintaining  manifest  covariance,  is  a  means  of  constructing 
local  invariants.  A  possible  procedure  is  to  introduce  four  independent 
scalars  ,  A  =  0,  1,2,3,  formed  out  of  the  metric  tensor  and  its  deriva¬ 
tives  and  then  to  use  these  to  define  an  intrinsic  coordinate  system.  To  use 
such  a  coordinate  system  for  the  purpose  of  constructing  local  invariants  one 
picks  a  set  of  four  numbers  and  looks  at  the  coordinate  mesh  defined  by 

the  ^  at  the  point  where  5^  =  (which  will  be  unique  if  one  is  lucky). 
Any  local  geometrical  quantity  referred  to  the  local  mesh  at  this  point  will 
then  provide  a  set  of  one  or  more  local  invariants.  A  sample  set  is 

where  is  any  mimed  tensor  formed  out  of  the  metric  and  its  derivatives. 

The  are  the  gradients  of  the  ^  ,  and  d(C)/S(x)  and  are 

respectively  the  determinant  and  the  cemflponents  of  the  inverse  of  the  matrix 
formed  from  these  gradients.  The  T^®  are  the  conponents  of  the  T^''  in 
the  intrinsic  system,  taken  at  the  point  where  the  scalars  have  the 

values  respectively.  More  complicated  geometrical  objects  may  be  handled 
in  a  similar  fashion. 

Invar Isuits  constructed  in  this  manner  have  been  studied  by  Komar  (195®)* 
(See  also  Bergnann  and  Komar,  i960).  As  scalars  he  has  used  the  four 
"eigenvalues"  of  the  Rlemann  tensoi'  (see  G^henlau  and  Debever,  1956j  Pirani, 
1957)*  The  use  of  these  scalars,  however,  and  Indeed  of  almost  any  conceivable 
scalars  built  out  of  the  metric  tensor  and  its  derivatives,  has  a  serious 
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defect.  Such  sealars  are  functionally  independent  only  in  regions  of  space¬ 
time  possessing  a  degree  of  inhomogeneity  and  asymmetry  sufficient  to  rule 
out  the  applicability  there  of  any  of  the  knovn  exact  solutions  of  Einstein’s 
equations  as  veil  as  any  more  general  solution  satisfying  "pure  radiation" 
conditions.  The  situation  is  precisely  analogous  to  one  which  occurs  in 
hydrodynamical  theory  (see  Courant  and  Friedrichs,  1948)  in  \*ich,  in  the 
case  of  one  dimensional  isentropic  flow,  for  example,  certain  functions  .of 
the  density  and  velocity,  known  as  Riemann  invariants,  can  be  used  to  define 
an  "intrinsic"  coordinate  system,  the  mesh  of  which  is  formed  by  the  "char¬ 
acteristic  lines."  The  intrinsic  system  can  be  used  to  identify  space-time 
points,  however,  only  in  complicated  flow  situations  involving  interacting 
waves;  it  becomes  degenerate  in  precisely  the  cases  of  constant  flow  and 
80-calle  "sinple  waves." 

In  order  to  avoid  difficulties  of  this  kind  we  shall  introduce  directly 
into  the  discussion  an  additional  physical  system.  This  system  will  serve 
to  furnish  us  with  a  reasonably  fool-proof  set  of  intrinsic  coordinates  * 
while  at  the  same  time  forming  a  ccmbined  physical  system  with  the  gravita¬ 
tional  field.  In  principle,  any  additional  system  which  provides  a  "useful" 
set  of  four  scalars  will  do.  Actually,  we  shall  choose  the  most  intuitively 
obvious  system  possible,  namely,  a  stiff  elastic  medium  carrying  a  framework 
of  clocks.  Sections  5  and  6  are  devoted  to  the  description  of  this  system, 
which  proves  to  be  readily  amenable  to  covariant  mathematical  analysis. 
Naturally  the  physical  constitution  of  the  medium  as  well  as  of  the  clocks  is 
not  dealt  with  on  an  atomic  level,  but  only  phenomenologically.  The  limita- 
*tions  which  this  imposes  on  the  conclusions  of  the  present  chapter  will  bq 
discussed  later. 
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It  might  he  supposed  that  the  elastic  medium  with  its  clocks  has  merely 
a  technical  utility,  constituting  an  otherwise  foreign  element  in  the  dis¬ 
cussion.  Such  is  by  no  means  the  case.  The  role  played  by  the  medium  in 
providing  a  physical  coordinate  system  pitjyes  to  be  a  fundamental  one,  as 
the  m^surement  theoretical  analysis  will  reveal  with  panticular  clarity, 
np,^  serves  to  bring  the  conceptual  foundations  of  both  the  general  theory 
of  relativity  and  the  quantum  theory  into  sharp  focus.  A  clock  carrying 
medivun  of  some  kind  is  needed,  if  only  in  limited  regions  of  interest,  in 
order  to  give  an  operational  meaning  to  the  concept  of  "space-time  geometry 
in  the  first  place.  One  may,  to  be  sure,  hope  that  the  introduction  of  a 
purely  phencxnenological  medium  is  only  an  interim  measure,  which  will  be 
superseded  eventually  by  a  comprehensive  unified  theory  of  elementary  part¬ 
icles  fnd  fields  containing  its  own  theory  of  measurement  as  well  as  its  own 
interpretation.  It  has,  in  fact,  been  suggested  that  such  a  coinprehensive  ^ 
theory  might  already  be  achievable  within  the  framework  of  geometry  alone 
(Misner  and  Wheeler, .  1957).  Suffice  it  to  say,  however,  that  present  formu¬ 
lations  of  gravitation  theory  are  very  poorly  siiited  indeed  to  the  task  of 
yielding  such  an  outcome. 

In  the  following  section  (^2)  the  possibility  of  bypassing  the  canonical 
language  is  proved  through  a  demonstration  of  the  role  of  the  Uncertainty 
Principle  euid  the  theory  of  measurement  in  the  definition  of  the  Poisson 
bracket  for  an  arbitrary  system.  It  is  shown  in  a  quite  general  manner  that 
the  -quantization  of  a  given  system  iiiq>lieB  also  the  quantization  of  any  other 
systra  to  which  it  can  be  covq>led.  By  a  principle  of  induction,  therefore, 
the  quantum  theory  must  immediately  be  extended  to  all  physical  systems. 
Including  the  gravitational  field.  Moreover,  the  pricise  form  of  the 
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coranutator  tetveen  any  two  obeervables  is  uniquely  specified.  Uie  properties 
of  the  Green's  functions  which  enter  naturally  into  this  specification, 
through  their  ability  to  describe  the  propagation  of  snail  disturbances, 
are  studied  In  Section  3.  Ibe  existence  of  Infinite  dimensional  Invariance 
groups  Is  easily  ta^n  Into  account,  and  the  consistency  of  the  Poisson 
bracket  defiziltion  Is  established.  Although  not  essential  to  the  quantization 
program,  nor  ^en  to  the  specification  of  quantum  states,  the  generator  of 
infinitesimal  space-time  displacements  is  derived  as  an  Illustration  of  the 
general  methods.  In  Section  4  these  methods  are  applied  to  the  free  particle, 
•  as  a  familiar  exao^le,  and  to  the  relativistic  clock,  \dilch  is  a  basic  tool  In 
the  theory  of  the  measurement  of  space-time  geometry,  as  has  been  emphasized 
by  Wigner  (1957)  (see  also  Salecker,  1957,  and  holler,  1955)  and  as  will  be 
evident  in  the  present  work.  After  further  application  of  these  methods  to 
the  elastic  medivim  in  Section  5,  and  to  its  interaction  with  the  gravitational 
field  and  clock  framework  in  Section  6,  the  gravitational  field  Itself  is 
studied  in  some  detail  in  Section  7*  Tbe  problem  of  finding  the  generator  of 
Infinitesimal  displacements  with  respect  to  the  intrinsic  coordinate  system 
provided  by  the  elastic  medium  together  with  its  clock  framework  is  posed 
in  terms  of  veu-latlons  in  the  action  functional,  and  the  difficulties 
involved  in  solving  the  problem  are  explicitly  shown.  The  significance  and 
range  of  validity  of  the  "weak-field"  approximation  is  examined  and  the 
lii3>ortance  of  the  Rlemann  tensor  as  an  approximate  invariant  is  emphasized. 
Graviton  spin  and  polarization  states  are  defined  in  terms  of  the  Fo\n:ier 
decomposition  of  the  linearized  Rlemann  tensor,  and  the  ccmmutators  of 
the  weak-field  theory  sure  given.  Section  8  is  devoted  to  a  study  of 
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the  question  of  the  actual  measurability  of  the  gravitational  field  in  the 
q]uantum  domain,  gollowlng  closely  the  arguments  of  Bohr  and  Rosenfeld  for 
the  electrcmagnetlc  field.  The  measurability  is  verified  to  lowest  order  of 
pertwbation  theory,  and  the  statistical  predictions  of  the  weak-fleld  theory 
are  confirmed,  provided  conceptual  test  bodies  of  "Bohrian"  delicacy  are 
permitted.  The  analysis,  however,  must  be  extended  to  include  an  exami¬ 
nation  of  the  stresses  in  the  test  bodies,  as  weU.  as  in  the  various 
conqiensatlon  mechanisms  and  momentum-measuring  projectiles  (photons) 
which  are  used,  problems  which  Bohr  and  Rosenfeld  could  Ignore.  In  this 
extension  the  fundamental  length  of  quantxm  gravldynamlcs  (see  below) 
makes  a  repeated  appearance  as  a  lower  bound  on  the  size  of  allowable 
measurement  domains,  from  which  it  is  necessary  to  draw  the  conclusion 
that  the  very  concept  of  "field  strength"  can  have  no  objective  classical 
meaning  for  domains  smaller  than  this,  even  if  any  meaning  is  in  fact 
left  to  it  at  such  a  microscopic  level  after  the  limitations  imposed  by 
the  observed  scheme  of  known  elementary  particles  are  taken  into  consider¬ 
ation.  Finally,  in  Section  9,  the  author  expresses  his  vleWB  on  the 
outlook  for  the  future  of  the  quantum  theory  of  geometry. 

Ihe  whole  chapter  is  divided  into  two  parts,  each  having  technical 
appendices  at  the  end.  Uhits  are  employed  for  which  h  «»  c  =  l6itG  =  1, 
where  G  is  the  gravitation  constant.  All  quantities  sure  thereby  reduced 
to  dimensionless  numbers.  In  these  units  the  masses  of  the  familiar 

-22  — 18 

elementary  pwrticles  lie  in  the  numerical  range  10  to  10  while 

—32 

the  units  of  length  and  time  are  equal  to  1.144  x  10  cm.  and 
3.82  X  10”**^^  sec.  respectively.  Attention  should  be  called  to  the 
following  points  of  notation;  The  signature  of  space-time  will  be  taken 
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(9.2)  Th.  T-ole  Of  the  Uncertainty  Prlncit^le  and  th^  theory  of  measurement 

in  the  definition  of  the  Poisson  Taracket. 

we. begin  by  considering  a  general  physical  system' descrihable  by 

a  set  of  localized  real  .dynamical  variables  /  .  These  variables  will  . 

be  functions  of  one  or  more  continuous  parameters,  or  "coordimtes."  For 
definiteness  we  may  regard  them  as  functions  of  four  space-time  coordi¬ 
nates  ^  .  Everything  we  say,  however,  will  be  equally  applicable  to 
systems  with  either  more  or  fewer  parameters,  in  particular  to  systems 
having  only  a  finite  number  of  degrees  of  freedom,  with  time  as  the 
single  parameter.  Different  points  of  space-time  will  be  distinguished 
by  means  of  primes:  x,  x*,  x",  etc.  For  compactness  .the  point  at  which 
a  given  variable,  such  as  is  evaluated  will  be  indicated  by  affixing 

primes  to  the  index  appearing  on  the  variable:  e.g.,  4>  •  For  economy 

in  the  use  of  primes  the  symbol  z  will  also  sometimes  be  used  in  place 
of  X  to  designate  a  point  in  space-time.  I/^wer  case  Latin  indices  from, 
the  beginning  of  the  alphabet  (a,  b,  c  . . . )  will  always  be  associated 
^with  the  symbol  z  ,  while  those  from  the  middle  of  the  alphabet  (i,  j,  k  . 

will  bo  associated  with  the  %ymbol  x  .  ^ 

The  dynamical  properties  of  the  system  will  be  specified  by  an 
action  functional  S  .  For  our  purposes  this  functional  may  be  regarded 
as  a  purely  formal  expression,  to  be  used  to  fix  the  form  of  the  dynami 
cal  equations  and  to  determine  their  transformation  properties.  For 
systems  with  "localized  action"  T,  appears  as  an  integral,  over  all^ 
space-time,  of  any  one  of  a  number  of  equivalent  functions  of  the 
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finite  order)  vdiich  differ  from  one 


(and  their  derivatives  v®  to  sane 
another  hy  total  divergences.  Questions  of  the  convergence  or  divergence 
of  this  integral  are  irrelevant^  (although  they  are  not  irrelevant  for 
its  variations)  the  dynamical  equations  themselves  may  without  am¬ 
biguity  be  written  in  the  form 

=  0  ,  (9.2.1) 

where  the  comma  followed  by  an  index  is  here  used  to  denote  the  variational 
or  functional  derivative  with  respect  to  il>^  at  a  point.  Furthermore, 
it  docs  not  generally  matter  how  many  variables  0^  are  used  to  describe 
the  system,  as  long  as  all  descriptions  are  eqxiivalent.  Some  of  the  0 
nay,  through  the  dynamical  equations,  be  e:qpressible  in  terms  of  deriva¬ 
tives  of  others,  for  example. 

Even  when  the  minimum  possible  number  of  variables  is  chosen  in 
the  action  functiotial,  it  does  not  necessarily  follow  that  any  one  of 
then  is  physically  measurable  \rtien  taken  by  itself.  It  will  often  happen 
that  a  continuous  range  of  values  for  the  corresponds  to  one  and 

the  same  physical  situation  and  honce  that  these  values  cannot  be  physi¬ 
cally  distinguished.  Changes  from  one  set  of  values  to  another  in  the 
given  range  ore  brought  about  by  a  set  of  transformations  forming  an  in¬ 
variance  group  for  the  system,  which  expresses  certain  symmetry  properties 
possessed  by  the  system.  In  the  case  of  infinite  dimensloiiol  invariance 
groups,  which  will  be  our  main  concern  here,  an  infinitesimal  transfor¬ 
mation  belonging  to  the  group  produces  a  variation  in  the  d  having  the 

4 

general  form 

-  J  ,  dV  , 
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(9.2.2) 


where  the  are  arbitrary  InflnltesiiBal  functions  known  as  group 

parameters*  Here,  capital  Latin  Indlcea  tram  the  middle  of  the  alphabet 
(L,  M,  N...)  will  be  associated  with  the  synibol  x  ,  while  those  from  the 
>^gtnnitie  of  the  alphabet  (A,  B,  C...)  will  be  associated  with  the  symbol  t. 

Hie  representation  of  the  group  %rtilch  the  variables  provide,  through 
Eq.  (9.2.2),  need  not  be  linear  but  may  be  quite  general.  The  only  restric¬ 
tion  on  It  Is  the  Identity 


are  the  structure  constants  of  the  group,  which  In  turn 


\diere  the  c  ^  g, 
satisfy  the  Identity 


B'C" 


+  e 


M* 

B*M'®  C"A 


+  c 


L 

C"M* 


)d**x* 


0. 


(9*2«**) 


Typically  will  be  a  "differential  operator"  —  that  is,  a  linear  combi 

nation  of  the  delta  function  and  its  derivatives  with  coeffieledts  involving 
the  and  their  derivatives  up  to  some  finite  order. 

Hie  Invariance  of  the  physical  situation  under  the  transformation  (9*2.2) 
is  assured  if  the  action  functional  remains  Invariant  under  it.  A  group  in¬ 
variant  I  Is  evidently  characterized  by  the  condition 


The  action  S  ,  in  particular,  must  satisfy  this  condition  independently  of 
the  dynamical  equations.^  Hiis  means  that  the  dynamical  equations  themselves 
are  not  all  Independent  of  One  another.  As  has  been  mentioned  In  the  Intro¬ 
duction  such  a  situation  Is  always  associated,  in  the  canonical  formalism, 
with  the  problem  of  constraints.  It  should  be  pointed  out,  however,  that  a 
functional  relationship  between  the  dynamical  equations  exists  only  In  the 
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case  of  infinite  dimensional  groups.  In  the  case  of  finite  dimensional 
groups  the  integral  is  eliminated  ftrom  Eq.  (9-2.2),  and  the  cannot 

generally  be  made  to  vanish  in  remote  regions.  Therefore  the  integration 
hy  parts  which  always  enters  in  the  derivation  of  Eq.  (9-2-5)  cannot  be 
performed,  and  a  total  divergence  must  be  added  to  the  integrand  of  this 
equation.  Instead  of  encountering  a  constraint  problem,  one  is  thereby 
led  to  a  conservation  law  which  holds  when  the  dynamical  equations  are 
satisfied  (Noether,  I918).  Beyond  this  the  effect  of  finite  dimensional 
invariance  groups  fS  limited  to  insuring  covariance  of  the  dynamical 
equations,  that  is,  their  invariance  in  form  under  the  transformations  of 

the  group-  ^ 

By  taking  the  variational  derivative  of  Eq.  (9-2.5),  with  I 

replaced  by  S,  it  is  easy  to  show  that  under  the  group  transformation 
(9-2.2)  the  dynamical  equations  (9-2.1)  are  replaced  #  linear  combinations 

of  themselves.  We  have 

-  -  |d\' Jd^z  S^j,  -  (9-2-6) 

*  •  * 

Since  this  relation  must  hold  independently  of  the  particular  solution  of 

the  dynamical  equations  which  is  involved,  the  change  (9-2-2)  in  the 
dynamical  variables  is  physically  unobservable,  at  least  within  the  frame- 
work  of  the  system  S  itself.  The  change  can  become  observable  only  as 
a  result  of  coupling  with  an  additional  "external"  system  which  destroys 
the  invariance  property  in  question.  If  the  additional  system  maintains  the 
invariance  prcTperty,  on  the  other,  hand,  the  change  will  remain  unobservable. 
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■  It  is  precisely  through  a  study  of  coupling  with  additional 
systens  that  one  is  led  to  a  definition  of  the  Poisson  hracket  which  is 
valid  under  the  most  general  circumsttoces.  The  introduction  of  an  addi¬ 
tional  system  is,  of  course,  e:qpressed  hy  a  change  in  the  potion  functional. 
We  shall  begin  by  considering  the  simplest  possible  change: 

S  -♦  S  +  eA  ,  (9*2»7) 

where  A  is  an  invariant  of  the  original  system  and  where  the  effect  of 
the  original  system  on  the  added  system  is  neglected,  the  pertinent 
dynamical  quantities  of  the  latter  being  lumped  into  the  "constant"  e  , 
which  will  be  regarded  as  small.  The  change  (9.2.7)  will  induce  a  change 
in  the  dynamical  variables  <1>^  ,  the  precise  nature  of  which  depends  on 
the  boundary  conditions  selected.  For  example,  we  may  adopt  advanced 
bovindary  conditions  in  which  the  dynamical  states^  of  the  system  before 
and  after  the  change  are  taken  to  coincide  in  the  remote  future,  or  re¬ 
tarded  boundary  conditions  in  which  the  dyn^pical  states  are  taken  to 
coincide  in  the  remote  past,  or  a  set  of  boundary  conditions  intermediate 
between  these  two.  It  Is  to  be  noted  that  the  concepts  of  "past"  and 
"future"  require  a  hyperbolic  character  for  the  dynamical  equations,  but 
nothing  more.  £ven  if  the  "meti'ic"  which  determines  this  hyperbolic 
character  is  itself  a  dynamical  variable  these  concepts  retain  their 
validity. 

Tlie  changes  in  the  corresponding  to  advanced  and  retarded 

boundary  conditions  will  be  denoted  by  and  6.  0^  respectively. 

^  t  .V.  ^ 

The  subscript  A  will  sometimes  be  omitted  where  no  ambiguity  can  arise, 
but  for  the  present  we  keep  it.  Ibe  changes  are,  of  course,  not 

uniquely  determined  if  the  system  jiossesEes  an  invariance  group,  but  are 


defined  pnly  modulo  on  unobeervable  transformation  (9*  2*  2).  The  changes 

8^^  =  4>^  d^x  +  O(e^)  ,  (9*  2.8) 

in  any  group  invariant  B  ,  hovever^  are  well  defined  in  virtue  of  the 
invariance  condition  (9.2.5).  It  will  be  convenient  to  introduce  the 
quantity 

V  ■  «“”o 

The  choice  of  the  retarded  boundary  condition  here,  rather  than  the 
adveinced,  anticipates  the  "one  way"  character  of  the  measurement  process 
in  the  description  of  wliich  this  quantity  will  presently  be  used. 

In  the  limit  of  very  small  c  the  satisfy  the  equation 

“  ■  ^.i  >  (9.2.10) 

in  which  the  quantities  and  are  evaluated  using  the  original 

values  of  the  dynamical  variables.  With  the  "inhomogeneous  term"  on  the 
right  h.-^nd  side  omitted,  (9.2.I0)  beccmes  the  equation  which  describes 
the  propagation  of  small  distiirbances  in  the  system.  From  its  linearity, 
which  permits  the  application  of  the  superposition  principle,  the  follow¬ 
ing  identities,  involving  groxip  invariants  A,  B,  C,  may  be  readily 
inferred: 


D^(B  +  C) 

0  B  +  C  , 

(9-2.11) 

®(A+B)  ^ 

=  C  +  Db  C 

(9.2.12) 

°AB  ^ 

-  D  C  +  A  Dg  C 

(9-2.13) 
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Furthermore,  if  c  is  a  numerical  coefficient  or  a  variable  referring 

to  another  system  not  dynamically  coupled  to  S  ,  then 

D  B  -=  c  D.  B  .  (9*2. 1*+) 

cA  A 


The  Poisson  bracket  of  two  invariants  A  and  B  will,  for  ^ 
physical  systems,  be  defined  by 


(A,  B)  ^  Da  B  -  Db  ^ 


(9-2.15) 


In  the  case  of  systems  possessing  no  dynamical  constraints  this  definition 
has  been  shown  by  Peierls  (1952)  to  reduce  to  the  conventional  one.  The 
extension  of  the  definition  to  the  general  case  will  here  be  made  by 
appealing  to  the  theory  of  measurement.  It  will  be  noted  immediately 

that  the  usual  Identities 

(A,  B)  =  -  (D,  A)  ,  (9-2.16) 

•  (A,  &tC)  =  (A,  B)  +  (A,  C)  ,  (9-2.17) 

(A,  BC)  =  (A,  B)C  +  B(A,  C)  ,  (^2.18) 

are  satisfied.  The  verification  of  the  Poisson-Jacobi  idenUty*,  however, 
requires  an  examination  of  the  laws  of  propagation  of  disturbances,  and 

will  be  postponed  to  the  next  section.  , 

The  system  S  is  formally  quantized  by  relating  the  ccmmulator 

to  the  Poieson  "bracket  in  the  familiax  manner  • 

(A,  B]  =  i(A,  B)  ,  (9-2.19) 

which  leads  immediately  to  the  Uncertainty  Principle 

MAB  -  1<(A,  B)>|  ,  (9.2.20) 
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vhere  ^  and  AB  are,  for  example,  the  root  mean  square  deviations 
of  A  and  B  respectively  from  their  average  values  <A>  and  <B>  in 
the  quantum  state  in  question,  and  vhere  "  ~  "  means  "no  smaller  in 
order  of  magnitude  than."  We  shall  devote  the  remainder  of  this  section 
to  showing  that  if  the  Uncertainty  Principle  holds  for  one  system  in  the 
form  (9.2.20),  with  the  Poisson  hracket  given  hy  (9. 2. 15),  then  it  .must 
hold  in  that  form  for  ^  systems.  If  a  description,  of  Nature  is  demand:  • 
ed  whieh  avoids  the  use  of ."hidden  variables,"  therefore,  the  commutator 
must  in  all  cases  be  given  by  Eqs.  (9.2.19)  and  (9. 2.15). 

The  Uncertainty  Principle  is  a  statement  about  the  fundamental 
limitations  imposed  by  the  quantum  theory  on  the  relation  between  measure- 
ments  and  the  possibilities  of  making  predictions  expressed  in  classical 
language.  Suppose  the  observable  A  has  been  measured  with  an  accuracy 
M  ;  what  does  this  imply  in  the  way  of  restrictions  on  lihe  accuracy  of 
predictions  concerning  the  outcome  of  subsequent  meas\irements ?  Before 
giving  a  complete  answer  to  this  question  let  us  first  take  note  of  the  • 
fact  that  the  measurement  of  a  given  observable  will,  4n  general,  occupy 
*•  a  finite  interval  of  time,  which  may  itself  be  involved  in  the  definition 
of  the  observable,  althou^  in  many  simple  oases  this  interval  may  be 
effectively  regarded  as  vanishingly  small.  Let  us  consider  the  case  in 
which  the  interval  associated  with  the  observable  B  is  subsequent  to 
that  associated  with  A  .  It  will  be  shown  that  as  a  result  of  the  un¬ 
controllable  disturbance  in  the  system  produced  by  the  measurement  of  • 

A,  the  use  of  a  classical  value  for  B  in  making  predictions  about  the 
outcome  of  subsequent  measurements  of  quantities  which  depend  on  B  is 
limited  to  the  extent  of  an  uncertainty  AB  which  is  given  by  Eql  (9.2.20), 
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The  "classical  value"  to  be  used  for  B  in  this  case  is  its  average 
value  <B>  in  the  quantum  state  resulting  from  (or  "prepared"  by)  the 
measurement  of  A  .  For  sluqplioity  in  the  subsequent  discussion, 
however,  the  brackets  <  >  will  be  omitted  whenever  it  is  clear  from 
the  context  that  the  "classical  value"  is  meant. 

Tbe  relation  between  A  and  B  is  a  completely  -reciprocal  one, 
and  because  of  the  time  reversibility  of  quantum  mechanics  the  above 
situation  may  equally  well  be  described  in  terms  of  a  limitation  M  on 
retrodictions  conditioned  by  a  measurement  of  B  with  accuracy  in 
the  future.  This  reciprocity  is  revealed  with  particular  keenness  in 
the  case  in  which  the  time  intervals  associated  with  A  and,  B  overlap. 
The  simplicity  of  the  previous .description,  in  which  the  measurements 
of  A  and  B  co\ild  be  ordered  in  temporal  sequence,  is  missing  in  this 
case,  and  the  state  of  the  system  must  here  be  regarded  as  conditioned 
simultaneously  by  the  results  of  both  measurements,  together  with  their 
mutual  interference.  It  is  the  remarkable  property  of  the  quantum  theory 
that  its  formalism  consistently  mirrors  these  various  cases  in  such  a 
simple  and  beautiful  way.  Furthermore,  the  generality  of  this  correspon¬ 
dence  between  formalism  and  Natvire  is  in  complete  harmony  with  the 

m 

principle  of  relativity. 

l-leasurc’mentB  are  performed  on  a  system  S  through  coupling  with 
a  second  system  S  ,  usu^ly  called  the  apparatus .  In  principle,  any 
group  invariant  can  be  measured  through  suitable  choice  of  apparatus  and 
coupling.  We  shall  assume  that  the  Uncertainty  Principle  (9.2.20)  holds 
for  the  apparatus.  It  will  then  follow  that  it  holds  also  for  the 
system  S  and,  by  Judicious  choice  of  apparatuses  and  couplings  (those. 
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iu  fact,  -by  which  all  physical  discoveries  have  to  date  been  made),  may 

therefore  be  extended  to  all  (known)  physical  systems. 

We  shall  begin  by  considering  the  measurement  of  a  single  observable 
A  .  The  coupling  which  is  suitable  for  this  measurement  is  one  which 
brings  about  a  change  in  the  action  functional  for  the  combined  system  of 

the  form 

S  +  S  +  gx-V  +  .  (9-2.21) 

Here  g  is  an  adjustable  "coupling  constant"  and  x  is  some  "convenient" 
apparatus  variable.  For  example,  in  the  Stern-Gerlach  experiment,  where 
A  is  an  atomic  spin,  x  may  be  taken  as  a  finite  time  integral  of  the 
z-component  of  the  position  of  the  atom  in  a  magnetic  field  which  is  in¬ 
homogeneous  in  the  z-direction,  the  strength  of  the  field  and  the  magni¬ 
tude  of  the  atomic  magnetic  moment  being  described  by  g  .  Likewise,  in 
a  field  measurement,  where  A  is  an  average  of  the  field  over  some  space- 
time  domain,  x  may  be  a  similar  time  integral  of  the  position  of  the 
center  of  an  appropriate  test  body,  the  "charge"  on  the  test  body  being 
contained  in  g  .  The  only  abstract  difference  between  these  two  examples 
is  the  fact  that  the  eigenvalues  of  the  observable  in  question  come  in 
one  case  from  a  discrete  set  and  in  the  other  case  from  a  continuum. 

Since  we  are,  in  this  chapter,  mainly  interested  in  the  latter  case  we 

confine  our  attention  to  it. 

The  measure-ment  of  A  is  carried  out  by  determining  the  deviation 
in  the  value  of  some  other  suitable  apparatus  variable  «  ,  as  a  result 
of  the  coupling,  from  the  value  it  would  have  had  in  the  absence  of  the 
coupling.  The  suitability  of  the  variable  «  is  conditioned  by  the 
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re  quir  ements 


D  X 
rt 


(x,  Jt)  =  D  ^  0  •  (9*2.22) 


That  iG,  It  descrilDes  a  dynamical  state  of  affairs  subsequent  to  the 
coupling  process,  so  that  although  x  has  a  retarded  effect  on  it  ,  it 
has  no  retarded  effect  on  x  .  For  example,  in  the  Stern-Oerlach  e^^eri- 
ment  it  might  be  the  position  of  the  point  at  which  tho  atom  strikes 
a  photographic  plate  after  having  passed  through  the  magnetic  field, 
while  in  a  field  measurement  it  may  be  the  momentum  of  the  test  body 
at  the  end  of  the  time  interval  involved  in  the  coupling  term  gxA  ,  as 
observed  ^  the  Doppler  shift  of  photons,  for  example.  Of  course,  it 
is  in  the  analysis  of  the  finai  observation,  performed  upon  the  apparatus 
variable  it  ,  that  the  sotirce  of  man>'  of  the  polemics  concerning  the 
conceptual  foundations  of  the  quanttam  theory  lies.  But  the  resolution 

of  the  difficulties  inherent  in  this  analysis,  whether  in  terms  of  a 

*  •  •• 

discontinuous  "eollapsible"  behavior  of  wave  functions,  as  demanded  by 

the  Copenhagen  school  (see  Heisenberg,  1955),  or  by  insistence  on  an 
isomorphism  between  the  real  w^rld  and  an  infinitely  "branehipg"  univer¬ 
sal  wave  function  (see  Everett,  1957,  and  Wheeler,  1957),  or  -vrith  the  aid 
of  some  other  viewpoint,  is  largely* a  metaphysical  problem,  irrelevant 
to  the  present  discussion. 

The  analysis  of  tho  mcasvirement  of  A  itself  reduces  to  simplest 
form  \ihen  the  eoupling  tern  gxA  ean  be  regarded  as  small  in  comparison 
with  that  portion  of  the  apparatus  action  which  corresponds  to  the 

tine  interval  involved  in  gxA  J  By  choosing  a  sufficiently  macroseopie 
(i.e.,  ''classical")  apparatus  this  ean  always  be  arranged.  The  change 
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in  the  apparatus  variable  n  as  a  result  of  the  coupling  nay  then  be 
approximated  by 

O 

6'jt  =  bad  n  ,  (9-2.23) 

X 

where  the  factor  D  «  nay  be  evaluated  as  if  the  apparatus  were  uncoupled 
X  •  •  o 

to  the  system  S  .  Actually,  Eq.  (9.2.23)  is  not  yet  sufficiently 
accurate  for  our  purposes.  Fcr,  in  order  to  analyze  the  measurement 
process  in  the  truly  quantum  doaain  it  is  necessary  to  t,ake  into  account 
et-iAii  deviations  in  A  from  the  "classical  value"  which  appears  in 
(9.2.23),  in  particular,  the  deviation  which  is  due  to  the  measurement 
process  itself.  The  latter  is  given  to  lowest  order  by  ^ 

6"a  =  gxD.  A  ,  J9.2.24) 

•  ^  . 

and  this  is  thep  to  be  inserted  into  the  improved  formula 

*  »  5“  n  =  g(A  +  &"  A)D  n  ,  (9-2.25) 

•  * 

•  • 

which  gives, the  deviatiqp  in  n  now  correct  to  second  order.  Here  again, 

•  • 

the  factor  D^A  is  to  be  evaluated  in  the  absence  of  coupling. 

Solving  Eq.  (9.2,25)  we  obtain  the ’formula 


A  =  — - gx  D.  A  ,  (9.2.26) 

6  V 

which  expresses  A  in  terms  of  the  "e:q)erimcntal  data,"  and  from  which 
it  follows  that  the  accuracy  in  the  measurement,  of  •  A  will  be  given  by 

•  +  bId  a1^ 
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I 


(9.2.27) 


\rtiere  Aji  and  Ax  ore  the  uncertainties  in  the  values  of  it  and  x 
in  the  original  apparatus  state.  Since  the  Uncertainty  Principle  is 
assumed  to  hold  for  the  apparatus^  we  have 

AX  Alt  ~  l(x,it)l  =  iD^nl  •  ,  (9.2.28) 

^ence 

AA  ^  +  gId^aIax  ,  (9.2.29) 

which,  upon  minimization  with  respect  to  Ax  ,  reduces  to 

1 

AA  iD^Al^  .  (9.2.30) 

In  those  cases  in  wiiich  thu.tine  interval  associated  with  A  may 
he  taiten  vanishingly  small  (e.g.,  impulsive  measurements  in  nonrelativistic 

particle  dynamics)  the  quantity  D^A  will  usually  be  equal  to  zero,  and 

» 

the  observable  A  is  then  measttrable  with  unlimited  accturacy.  Unlimited 
accuracy,  however,  should  be  attainable  in  the  measurement  of  an;^  single 
observable,  and  this  seems  to  be  contradicted  by  Eq.  (9.2. 30)  which  at 
first  sight  implies  that  there  is  an  absolute  limit  to  the  accuracy  with 
which  observables  associated  with  finite  time  intervals  can  be  measured. 
The  way  out  of  this  difficulty  was  found  by  Bohr  and  Rosenfcld  (1933), 
who  showed  tliat  the  measviring  arrangement  can  be  slightly  altered,  by 
means  of  a  "compensation  mechanism,"  in  such  a  way  that  the  correct  re¬ 
sult  is  obtained.  Ihe  compensation  mechanism  appropriate  icr  the  measure- 

12  2 

ment  of  A  is  represented  by  the  addition  of  a  tern  ®  ^  ^A^ 

the  coupling,  so  that  the  change  in  the  action  now  becomes 

S  +  -»  S  +  gxA  -  5  ^  '  (9.2.31) 


25 


Equation  (9.2.24)  again  holds  to  first  order  in  g  .  But  Eq.  (9.2.25) 
takes  the  form 

6"jt  =  g(A  +  6“A  -  gxD^A)D^jt  =  BAD^jt  ,  (9.2.32) 

correct  to  second  order  in  g  ,  whence 


A 


6  It 

gDx« 


AA 


Aat 

6|D  «1 

O  X 


(9-2.33) 


Now,  the  value  of  D^A  (or,  more  properly,  of  <D^A>)  is  generally  in¬ 
sensitive  to  the  quant\jni  fluctuations  of  the  system  S  ,  heing  primarily 
determined  hy  the  geometry  and  parameters  of  the  measuring  arrangement 
and  only  secondarily,  if  at  all.  Toy  the  "classical"  or  "average"  values 
of  the  system  observables.  Therefore  a  compensation  device  which  is 
adequate  for  testing  the  predictions  of  the  quantum  theory  (e.g.,  iii  the 
case  of  field  measurements,  a  set  of  mechanical  springs  connecting  the 
test  body  to  a  stiff  coordinate  frcaaework)  can  be  set  up  in  advance  of 
the  measurement  of  A  on  the  basis  of  only  a  rough  prior  knowledge  of 
the  system  observables.  The  accui-ate  determination  of  A  nay  therefore 
be  made  on  the  basis  of  Eq.  (9-2.33)  with  a  precision  which  is  limited 
only  by  the  accuracy  with  which  it  may  be  determined.  By  choosing  the 
apparatus  sufficiently  macroscopic  the  latter  accuracy  nay  be  roade  very 
high  indeed  without,  at  the  same  tixae,  rendering  Ax  ui.d^Hy  lar^e. 

The  analysis  of  the  measurement  of  two  obrerxables,  A  and  B  , 

proceeds  in  a  quite  similar  fashion.  Here  it  is  necessary  to  introduce 

variables  x^,  it^  and  Xg  ,  itg  from  each  of  two  independent  apparatuses, 

S  and  G  .  satisfying  the  conditions  (9.2.22).  Tlie  systems  S 
a,  a„  ’ 
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and  S  may  be  regarded  as  foiiaiug,  together,  a  single  apparatus,  for 
which  the  Uncertainty  Principle  will  again  be  assumed  to  hold.  As  before 
compensation  mechanisms  will  be  introduced,  but  in  this  case  the  mutual 
interference  of  the  two  measxirements  will  prevent  the  complete  cancella¬ 
tion  of  uncertainties.  The  greatest  possible  mutual  accuracy  is  attain¬ 
ed  by  means  of  couplings  which  produce  a  change  in  the  total  action  of 

o 

the  form 


S  +  S, 


+  S. 


1  2  2_  A 

S  +  +  SgXgB  -  2 


V> 


a. 


+  S 


(9*2. 3*+) 


«  •«  • 

The  tci-ns  in  and  are  compensation  terns,  wliile  the  term  in 

is  a  correlation  term  (e.g.,  in  the  case  of  field  measurements, 
resulting  from  the  effect  of  appropriate  mechanical  springs  connecting 
the  two  test  bodies  involved).  As  a  result  of  the  couplings  we  have,  to 
first  order. 


6-A  .  D/  .  62^2 

9 

(9-2-35) 

♦ 

6  B  =  g^x^  D^B  +  ggXg  D^B 

9 

(9-2-36) 

and,  to  second  order, 

=  g^[A+6-A  -  S^x^D^A  -  I  \"l 


=  Kj^Ia  - 


I  -  V)^\”l 


(9-2.37) 
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(9-2.38) 


S'ltg  =  SgtB  +  8"B  -  I  +  DgA)-  ^%’'2 

•=  tfgt®  I  -  ^^^^*^2 


whence 


6  jt. 


i  go*p(A,B) 


2  2  2 


(9-2-39) 


6  It, 


»  ■  i3:V  - 1 


62“x2"2 


(9.2.40) 


leading  to  the  sinoltaneous  accuracy  estimates 


(9-2.41) 

• 

• 

AB  ~  5  * 

(9-2.42) 

the  product  of  which,  upon  minimization  with  respect  to  the  product 

^1^2  *  reduces  to 

AAAB  “  1(A,B)1  , 

(9-2.43) 

thus  verifying  the  Uncertainty  Principle  for  the  system  S  . 

We  may  with  confidence  therefore  take  the  commutator  in  the  form 
(9.2.19)  -  (9.2.15)  in  all  future  work.  It  is  to  he  emphasized  that  the 
arguments  presented  here  hold  trtth  complete  generality  for  all  physical 
systems,  including  the  gravitational  field.  It  is  only  necessary  to  make 
one  additional  remark,  concerning  the  use  of  the  "classical"  or  "average" 
values  of  the  system  observables  above.  Some  of  these  observables  nay 
occur  in  products  (in  quantities  like  tlie  slowly  varying  parts  of  D^B  , 
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DgA,  etc.,  for  exeanple)  or  may  themselves  be  expressible  as  products 
of  other  observables.  Now,  the  average  value  of  a  product  may  he  equated 
to  the  product  of  the  average  values  only  in  the  limit  of  high  quantum 
nvmibers,  and  then  only  in  the  case  of  systems  possessing  a  finite  number 
of  degrees  of  freedom.  A  rigorous  classical  description  of  the  quantities 
in  question  will  therefore  not  be  strictly  valid,  particularly  in  the 
case  of  quantized  fields.  Such  a  description  neglects  a  number  of 
ingjortant  purely  quantum  effects,  namely,  those  which  give  rise  to  the 
phenomena  of  vacuum  polarization  and  level  shifts  as  well  as  to  methe- 
matical  Infinities  in  the  formalism.  However,  the  technical  procedure  of 
"renormalization"  should  reinstate  the  approximate  validity  (i.e.,  to 
lowest  order)  of  the  classical  description,  provided  the  coupling  of  the 
field  to  its  soxarces  is  sufficiently  weak  and/or  there  exists  a  funda¬ 
mental  invariance  group  which  sufficiently  dominates  the  phjsics.  At 

least  this  is  the  case  for  quantum  electrodynamics,  as  has  been  empha- 

•  • 

sized  by  Bohr  and  Ro8enfeld(1950).  The  gravitiational  field,  also,  cer¬ 
tainly  meets  these  specifications,  although  in  this  case  the  procedures 
for  renormalization  are  shill  unknown.  One  hopes  to  be  able  to  lump  at 
least  some  of  the  infinihies  together  into  a  renormalization  of  the 
gravitation  constant,  but  this  remains  to  be  seen.  In  the  following 
sections  we  shall  refer  to  the  use  of  the  classical  description  for 
all  quantities  occuring  in  the  derivation  of  a  Poisson  bracket  (except 
those,  of  course,  which  appear  in  the  primary  commutator  which  the 
Poisson  bracket  evaluates)  as  the  seni-classlcal  approximation.  In 
the  derivations  of  the  semi-classical  approximation  all  guantites  are 
regarded  as  freely  conmutable  c -numbers.  The  problem  of  their  actual  non- 
conmutability  will  be  only  briefly  considered  at  appropriat  points  in  the 


discussion. 


(9.3)  Orcen*s  functions. 

Ttie  laws  of  propagation  of  small  disturbances  in  the  system  S 
are  determined  by  the  fundamental  structinre  S^^j,  appearing  in  Eq,.  (9*2.10). 
It  is  convenient  to  treat  this  structure  formally  as  a  continuous  matrix 
although  typically  it,  like  ,  will  actually  be  a  differential 

operator,  expressible  in  matrix  form  as  a  linear  combination  of  the  delta 
function  and  its  derivatives  xqs  to  some  finite  order  (usually  first  or 
second)  with  coefficients  involving  the  0^  and  their  derivatives  up  to 
some  finite  order.  Because  variational  differentiation  is  commutable 

S  .  is  a  symmetric  matrix.  It  is  also  a  singular  matrix  whenever  the 

iij’  ■' 

system  possesses  an  infinite  dimensional  invariance  group.  This  follows 
frcm  Eq.  (9.2.6),  which  admits  the  corollary 

f's  .  R'5‘,  d^‘  =  0  (9*3*1) 

J  A 

J 

whenever  the  dynamical  equations  are  satisfied.  The  R  ^  ,  because  of 

their  "locality"  (i.e.,  they  vanish  except  in  the  immediate  neigliborhood 
of  z  ,  for  each  z  ),  are  true  null  eigenvectors. 

Because  of  the  singularity  of  the  solutions 

Eq-  (9.2*10)  (as  has  already  been  pointed  out)  are  not  well  defined  but 
are  determined  only  up  to  a  group  transformation  (9-2.2).  It  is  evident 
that  the  general  solution  of  Eq.  (9*2.10)  is  obtained  by  adding  (9.2*2) 
to  an  arbitrary  linear  combination  of  particular  solutions  (with  coeffi¬ 
cients  adding  up  to  unity)  determined  by  appropriate  CfTundory  and  supple¬ 
mentary  conditions.  The  boundary  conditions  to  be  adopted  are  already 
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iniplied  by  the  +  signs.  For  the  supplementary  condition  it  is  neces 
sary  to  choose  on  equation  of  the  form 


^  6^-  d^x  =  0  ,  (9*3*2) 

where  ,  like  ,  is  a  differential  operator  which  may  he  de¬ 
pendent  on  the  ,  but  which  is  selected  in  such  a  way  that  still 

another  similar  differential  operator  may  be  found  for  which  the 

matrices 


ij’ 


s  S 


>±y- 


■I 


p." 

1 


*J'A 


d\ 


(9.3.3) 


(9.3.4) 

(9.3.5) 


are  all  nonsingular.  In  the  theory  of  discrete  matrices  "vectors" 
p  A.  n  pi  having  these  properties  are  easily  found  by  identify- 

ing  pertinent  subspaces,  and  considerable  flexibility  is  allowed  in  their 
selection.  Tlie  same  is  true  of  these  quantities  in  the  case  of  all  action 
functioneas  which  lead  to  consistent  dynamical  theories.  Furthermore, 

because  of  the  underlying  hyperbolic  character  of  the  dynamical  equations 

D’ 

of  these  theories,  the  matrices  f  ^AB*  *  ^A  chosen  so 

as  to  possess  special  properties  which  allow  us  to  characterize  them  as 
wave  operators . 

A  wave  operator  (let  us  refer  to  for  definiteness)  satisfies 

the  following  two  conditions:  (l)  it  admits  of  bounded  nonvanishing 
solutions  60^  to  the  equation 
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=  0 


(9-3.6) 


I 


ij* 


6$ 


J' 


d\* 


,  tij* 

and  (2)  it  posscsees  itniquc  retarded  eusd  advonced  Green's  functions  G 
satisfying  the  equations 


o 


j  "'ik” 

Vj. 


(9.3.7a) 


'  (9.3.7b) 


and  the  conditions 


,-ij’ 


,+iJ* 


O  for  X  <  x' 
O  for  X  >  x' 


(9.3.8) 


1  *  . 

Here  the  symbol  6^*'  denotes  in  obvious  fashion  a  product  of  a  Kronecker 
delta  with  a  delta  function,  while  "<"  is  an  abbreviation  for  "lies  to 
the  past  of"  and  •">"  is  on  abbreviation  for  "lies  to  the  future  of." 

In  a  space-time  with  hyperbolic  metric  the  definitions  of  "past"  and 
"future"  may  be  made  with  respect  to  an  arbitrary  space-like  hypersurface 
through  either  one  or  the  othei'  of  the  two  points  x  ,  x*  .  Because  of 
the  arbitrariness  of  this  hypersurface  it  follows  that  both  Gi-een's 
functions  vanish  simulteuaeously  when  x  and  x’  are  separated  by  a 
space-like  geodetic  interval. 

It  will  be  seen  presently  that  Eqs.  (9.3.7a)  and  (9-3.7b)  are  not 
independent;  one  follows  from  the  other  Just  as  in  the  case  of  finite 
matrices.  It  is  only  necessary  to  bear  in  mind  that  the  use  of  the  latter 
equation  entails  an  integration  bj'  parts,  the  admissibility  of  which  must 

g 

be  checked  in  context.  It  is  to  be  noted,  however,  that  t  ui^like 
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unique  inverse;  "both 


a  nonsinsiaar  finite  matrix,  does  not  possess  a 
_j,-iJ*  ,  as  well  as  linear  combinations  of  the  two,  are 

Its  "iDVcrsss."  IMS  fact  1.  a  direct  conse«»ence  of  tae  existence  of 
bounded  solutions  to  Eq.  (9.3.6),  uhleb  nay  always  be  added  to  any  “In- 
verse."  On  the  other  band.  It  Is  to  be  recoenlted  that  bounded  solutions 
of  Eq.  (9.3.6)  cannot  vanish  In  resotc  regions  of  space-tire  c-afflclently 
rapidly  to  be  ncrvalltable  (l.e.,  quadratlcally  Integrable).  For  If 
they  did,  then  F.j,  would  possess  true  null  eigen-, actors  and  have  no 

inverces  at  all* 

Cci-sidcr,  now,  two  arbitrary  functions  dp  ,  *^2  '  "^*^dh  appear 

together  with  the  wave  operator  P^j,  la  the  folloirtng  corbinatlon: 

/(«l‘  "ir  V’  -  '*1'’’  ■ 

If  the  factions  o/  v».ish  sufficiently  rapidly  1.  remote  re. 

tlons  of  space-tlme,  the  Integral  of  this  expression  over  all  X  will 

TP  -ion  f-"Gr6'ntiEil  operator  this  implies 

vanish  by  symmetry.  Since  F^y  is  a  differ .nriax  p 

that  the  above  integral  must  be  ree:q)ressible  In  the  form 

(9.3.9) 

where  f^.  is  an  appropriate  homogeucoas  y.adi-at^  combination  of 

delta  functions  and  their  derivatives,  with  coefficients  involving  the 
0^  and  their  derivatives.  Since  the  identity  (9.3-9)  involves  the 
properties  of  the  functions  locally,  it  must  evidently 


hold  for  arbitrary  functions  <5^  , 

which  permit  integrations  by  parts. 


^  ^  subject  only  to  the  conditions 


33 


c 


With  the  aid  of  this  identity  we  may  show  that  the  Green's 
functions  have  the  very  important  property  of  being  able,  in 

the  combination 

s  -  g"^*^*  ,  (9.3-10) 

to  e:g)ress  Huygens*  principle  for  a  solution  6<>  of  Eq.  (9'3-'5): 


60 


J”a 


Here  the  value  at  an  arbitrary  point  x  of  the  solution 
in  terms  of  Cauchy  data. 


60 


(9.3.11) 

is  expressed 


60^  d*^z  ,  (9.3*12) 

on  a  Gpace-like  hipcrsxirface  E  having  directed  suj'fucc  eDement  dZ^,  . 
The  proof  of  Eq.  (9. 3.11)  is  carried  out  by  chanjing  the  r’jrfucc  intejsral 
into  a  vol  une  integral  with  the  aid  of  Gauss’  theorem,  enu  then  using 
Eq.  (9.3-9).  Tor  X  >  E  Eq.  (9-3.11)  becomes 


60 


i 


p  future 

Z 


dV(G'^'^'Fj,j^,6o‘"" 


9 


(9.3.13) 


while  for  x  <  Z  it  becomes 


60 


W-s-H) 

the  validity  of  both  forms  following  immediately  from  Eos.  (9-3-6)  and 
(9.3.7b).  The  extension  of  the  domains  of  integration  arbitrarily  far 
into  the  future  and  past  respectively  is  permitted  because  of  the  "locality" 
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of  f  ,  and  the  fact  that  the  Green's  functions  in  each  case 
t  J 

sharply  heyond  the  point  x  •  In  the  case  of  x  lying  on  2^ 


"cut-off" 

Eq.  (9*3*ll) 


is  to  he  regarded  as  providing  an  interpretation  of  the  singularities 
of  the  and  their  derivatives,  regarded  as  functions  of  x'  ,  in 

the  space-like  neighborhood  of  x  . 

It  will  be  noted  that  Eq.  (9* 3* 7b)  was  used  in  the  above  deriva¬ 
tion,  but  not  Eq.  (9.3.7a).  If  we  therefore  take  Eq.  (9*3-7b)  as  the 
defining  equation  for  the  Green's  functions  we  may  infer  the  validity  of 
Eq.  (9.3.7a)  through  the  following  considerations:  Because  the  functions 
60^  satisfy  Eq.  (9.3*6)  and  because  the  Cauchy  data  (9*3*12)  niay  be 
chosen  completely  arbitrarily  on  E  ,  it  follows  from  Eq.  (9.3-11)  that 
the  function  G^"^*  ,  which  is  known  as  the  propagation  function  for  the 
wave  operator  t  also  satisfies  Eq.  (9-3-6),  i.e.. 


J  ^ik"  °  '  (9-3-15a) 

as  well  as  the  equation 

J  dV  =  0  ,  (9.3-15b) 

which  follows  immediately  from  Eqs.  (9-3-7b)  and  (9-3-10)-  Equation 
(9.3.7a)  is  then  obtained  by  splitting  the  propagation  function  appearing 
in  Eq.  (9.3.15a)  into  its  advanced  and  retarded  parts.  The  kinematics 
of  these  parts  insure  that  it  is  only  the  delta  function  6^^  or  its 
derivatives  which  can  make  an  appearance  on  the  right  hand  side,  irtiile 
dimensional  considerations  eliminate  the  latter.  The  coefficient  of  the 
delta  function  is  determined  as  -1  froo  the  identity 
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in  ■vrfiich  integration  by  parts  emd  interchange  of  orders  of  integration 
is  permitted  in  virtue  of  the  conditions  (9*3*8)» 

Returning  now  to  Eq.  (9.2.10),  we  see  that  it  may  be  replaced  by 


A-  -  -CA„  ,  (9.3.17) 

from  which  one  immediately  obtains 

6^*  =  ej  A^j,  d**x’  ,  (9-3>l8) 

whenever  the  supplementary  condition  (9.2.10)  is  satisfied.  If  the 
supplementary  condition  is  not  already  satisfied  by  the  6^  0  it  is 

easily  imposed  by  first  carrying  out  a  group  transformation  (9.2.2)  for 

A 

which  the  parameters  Bg  are  given  by 

66*  .  J  d\  j  d'‘z'  o“»’  (!j3,  6^*  ,  (9.3.19) 

the  bJing  the  Green’s  functions  for  the  wave  operator  F^g,  . 

It  is  important  to  check,  however,  that  the  solutions  (9.3*1®)  in  fact 
satisfy  the  supplementary  condition  which  was  used  to  get  them  in  the 
first  place.  This  can  be  done  with  the  aid  of  an  important  relation 
between  the  Green’s  functions  G~  and  those  belonging  to  the  wave 
operator  .  We  note,  using  Eqs.  (9*3*1)^  (9*3*3)»  (9*3.5)  'tBe 

symmetry  of  >  "that 

Fj,,  dV  -  /  f/  0^,.  d^z.  .  (9.3.BO) 
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■nierefore 


J  J  d\'  f/’ 


,±ij*  . 


(9-3.21) 


But  also 


Jd^z’/dV 


c” 


(9-3-22) 


where  the  Q-g,^"  are  the  Green's  functions  for  -  Mow,  Eas-  (9-3-21) 

and  (9-3-22)  are  both  ‘We  eduations"  in  f/’  ,  havine  the  same  inhomo¬ 
geneous  term,  -  •  The  functions  satisfying  these  equations  have 

the  same  klnematical  properties  and  must  therefore  be  identical.  That  is. 


/«1A  -  /“V  “■’’b- 

Which  is  the  relation  mentioned.  Using  it  we  get  from  Eq.  (9-3.18) 
imaediately 


J 


±  i 


m  e 


d**z' 


,±  B* 


(9-3-24) 


which  vanishes  in  virtue  of  the  group  invariance  of  A  ,  thus  showing  the 
complete  self-consistency  of  the  supplementary  condition. 

It  is  convenient  at  this  point  to  derive  also  another  relation 
similar  to  (9.3-23)-  Using  Eqs.  (9-3-1),  (9-3-3)  aad  (9-3-4),  we  have 


I 


9 


(9-3-25) 


and  hence 
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/dv/d***- 


''b'a 


But  also 


J  dV/dV 


(9.3.26) 


d*^z" 


R^C- 


,±C"B* 


B'A 


-  R 


(9.3.27) 


from  which  it  may  be  inferred  that 

ro*^J'  Pj,®’  dV  .j\\  a^’  .  (9.3.sa) 

This  relation  is  useful  in  the  derivation  of  an  important  recipro- 

±ij* 

city  theorem  involving  the  Green's  functions  G  .  We  first  write 

J  ^ik"  '  G*'^'‘'")d**x" 

“  •/  ^^ik"  "  ^ 

-  -  J  dV  j'd'^z  (P^^  Qj^„^  -  *  (9.3.29) 


The  solution  of  this  equation,  taking  into  account  the  kinematics  of  the 
Green's  functions  and  using  (9.3.2B)»  is 


G^J'  -  G^J'i 


./dVj  AJ 


(R 


i  „±B'A  „+J'k” 
B'G  g 


g+b'a 


(9.3.30) 


From  this  it  follows,  with  the  aid  of  Eq.  (9.3.I8)  £uad  the  Invariance 
condition  (9.2.5),  that  if  A  and  B  are  any  two  groiq;>  invariants,  then 
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I 


-  ej  d.^xj  d\'  B^^(G=^'^’  -  G'^‘’*^)\jt 

=0  .  (9.3.31) 

That  is,  the  retarded  effect  of  A  on  B  Is  equal  to  the  advanced 

effect  of  B  on  A  ,  and  vice  versa. 

This  reciprocity  theorem  allows  us  to  write  the  Poisson  bracket 
of  A  B  in  the  following  simple  form: 

(A,B)  =  D^B  -  DgA  =  \  -  Bg’A) 

=  i  -  S'") 

^  J  d\J  d.\*  B^y  ,  (9.3.32) 

in  which  the  propagation  function  appears.  It  is  to  be  emphasized  that 
the  value  of  the  final  expression  is  independent  of ‘variations  in  the 
propagation  function  arising  from  varying  choices  of  the  somewhat  arbi¬ 
trary  functions  P^"  ,  •  This,  of  course,  is  obvious  from 

the  original  definition  of  the  Poisson  bracket,  but  it  can  also  be  proved 

directly  by  studying  the  transformation  properties  of  the  various  Green's 

A  i 

functions  under  eQ.lowable  transformations  of  the  P^  ,  ^j_A  *  ^  A  * 

and  making  use  of  the  invariance  properties  of  A  and  B  .  It  may  be 
mentioned  that  the  functions  P^"  and  can  In  practice  usually  he 

chosen  in  such  a  way  that  the  matrix  is  symmetric  (self-adjoint 

wave  operator) .  In  this  circumstance 
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o 


(9-3.33) 


»nt^  the  Poisson  Ijracket  Identities  (9-2-16),  (9-2-17),  (9-2-18)  nay  he 
read  off  inmediately  from  the  final  expression  in  (9-3-32)- 

A  more  ic^ortant  consequence  of  the  reciprocity  theorem  is  its 
significance  for  the  theory  of  the  canonical  transformation  group  t  The 
existence  of  such  a  group  is  shown  by  the  following  considerations: 
Since,  in  the  limit  of  infinitesimal  e  , 


/  -  V  =  0  (9-3-34) 

it  follows  that  the  quantities  0^  +  Bg  0^  -  6^  O  satisfy  the  dynamical 
equations  if  the  <>^  do.  By  means  of  the  Poisson  bracket,  therefore, 
invariants  may  be  used  to  map  solutions  of  the  dynamical  equations  into 
other  solutions.  For  example,  the  Invariant  B  defines  the  infinitesi¬ 
mal  mapping 

A  ->  T(B)A  =  A  +  e(A,B)  ,  for  all  A  ,  (9-3-35) 

where,  in  virtue  of  the  reciprocity  theorem,  the  symbol  T(B)  may  be 
expressed  in  the  form 

'T(b)  h  1  +  Bg  ,  (9-3-36) 

®B  ^  ®B^-  V  >  V  *  ^  (9-3-37) 


the  s'-Tiibols  B_”  being  viewed  here  in  their  evident  role  as  linear 
*'  B 

operators.  The  mapping  (9-3-35)  is  e:q?ressed  in  terms  of  its  effect  on 
the  class  of  all  invariants,  since  it  is  only  in  terms  of  invariants 
that  physically  distinct  solutions  of  the  dynamical  equations  may  be 


characterized.  It  is  easy  to  see  that  such  m^pings  are  one-to-one,  at 
least  in  the  neighborhood  of  the  identity,  and  therefore  generate  a  group. 
Prcm  this  fact  it  follows  that  the  Poisson  bracket  (9.2.15)  satisfies 
not  only  the  identities  (9.2.16),  (9.2.17),  (9-2.18),  but  also  the 
Poisson-Jacobi  identity  as  well;  for  the  Poisson  brackets  may  be  mapped 
into  the  cosiDutators  of  the  Lie  ring  associated  with  the  mapping  group. 

To  see  how  this  comes  about  we  first  note  that  the  result, 

T(A)X  ,  of  an  infinitesimal  mapping  T(A)  performed  on  an  arbitrary  in¬ 
variant  X  may  be  regarded  in  either  of  two  guises:  (l)  as  an  invariant 
which  differs  slightly  from  X  ,  or  (a)  as  the  same  invariant,  but 
evaluated  with  a  set  of  (Synnmical  variables  differing  slightly  -—  but 

physically  -  from  the  original  variables.  Therefore,  if  we  consider 

the  product  of  two  successive  infinitesimal  mappings,  T(A)  and  T(b)  , 
we  may  write,  using  the  first  point  of  view,  simply 

T(B)  T(A)X  »  (1  +  ^  Va^^  *  (9*3.38) 

Using  the  second  point  of  view,  however,  and  making  the  functional 
dependence  of  the  invariants  A  ,  B  ,  X  on  the  dynamical  variables 
ejqplicit,  we  may  write 


T(B{0])  T(A(«])  X(«1 

=  T(B[0  +  6^0]  -  6^B[o])  X[0  +  6^0  ] 

*  ®B(0  +  6^0]  'VbLoI^ 


=  T(A)  T(B)  X  -6g  g  X 
A 

=  (1  +  \  Vb  ■ 


(9.3.39) 


U1 


Equatins  the  right  hand  aides  of  Eqs.  (9 *3* 38)  and  (9 *3 *39),  ^  infer, 
from  the  arbitrariness  of  X  ,  therefore, 

“  \b  “  ■  ®  (A,B)  ^  (9.3.‘«0) 

and  hence 

0  .  [6,  ,  (6j,  6<,1)  *  Bb.  Be-  ‘V 

.6,  -  (S-S-"*!' 

€‘^[(A,(B,C))  +  {a,(C,A))  +  (C,(A,B))] 

which,  in  virtue  of  the  fact  that  ®  X  =  O  ,  implies 

(A,(B,  O)  +  {B,(C,  A))  +  (C,(A,  B))  =  0  .  (9-3"'<e) 


This  identity  nay  also  be  proved  ueing  Eq.  (9»3»32),  by  werkiois  directly 
with  the  Green's  functions  (DeWitt,  I96I). 

In  evaluating  Poisson  brackets  by  means  of  Eq.  (9*3*32)  a  possible 
source  of  ambiguity  at  first  sight  appears  to  exist.  Heretofore,  in 
referring  to  group  inveiriants,  we  liave  always  had  in  mind  explicit 
functional  expressions  involving  the  0^  .  Actually,  invariants  are  de¬ 
fined  only  modulo  the  dynamical  equations.  It  is  straightforward  to  show, 
however,  that  this  freedom  leaves  the  value  of  the  Poisson  bracket  un¬ 
affected.  Let  us,  for  exaii5)le,  replace  B  by 

B*  -  ®  ®*i  *  (9.3"*+3) 

where  the  f^  are  arbitrary  coefficients.  [The  group  invariance  of  the 
second  term  follows  from  Eq.  (9-3.1)  together  with  the  dynamical  equations.  ] 
We  have 


U2 


(A,  B*) 


f 


o 


(A,  B)  +  J  J  J  ®,J*k"  ^ 


in  which  terms  in  have  been  dropped  after  the  variational  differ 

entiations  have  been  performed.  In  virtue  of  Eqs.  (9*3»3),  (9*3*15^) 
and  (9.3.28),  however,  this  becomes 


(A,  B')  -  (A,  B)  -  d*^x  J  dVj^  d‘‘z  J  d‘*z« 

(9.3.  *^5) 


which  reduces  singly  to  (A,  B)  in  view  of  the  invar  j  ance  of  A  • 

All  of  the  preceding  work  has  been  carried  out  in  the  semi- 
classicsiL  approximation  with  all  quantities  being  treated  as  freely 
coDQUtablc  c-nuribers.  We  may  here  briefly  indicate  some  of  the  problems 
which  arise  in  the  rigorous  theory.  In  the  first  place,  the  use  of 
quantities  which  are  conmutable  in  lowest  approximation  restricts  the 
application  of  the  theory  to  systems  satisfying  Bose  statistics.  In  the 
semi'classical  approximation  it  is  actually  not  difficult  to  extend  the 
theory  to  Include  Fermi  systems  as  well.  The  details  of  this  extension 
are  outlined  in  Appendix  A  at  the  end  of  the  chapter.  It  is  only  neces- 
seury  to  introduce  anti  commuting  as  well  as  comsutlng  ”c-numbers.”  Beyond 
that,  however,  the  problems  become  difficult.  The  quantities  in  the 
rigorous  theory  do  not  exactly  commute  or  anticominute,  and  the  order  of 
factors  must  be  taken  into  detailed  account.  It  is  no  longer  clear  to 
what  extent  the  formalism  is  determined  by  physics  alone  and  to  what 
extent  it  is  determined  by  purely  mathematical  exigencies  (not  that  one 
expects  the  two  to  be  separable  in  the  end,  of  course).  The  difficulties 
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are  increased  by  the  fact  that  the  Green's  functions  are  themselves 
q-numbers  in  all  except  completely  trivial  linear  theories.  In  the  case 
of  systems  possessing  infinite  dimensional  invariance  groups  the  vay  out 
of  these  difficulties  is  cooqpletely  unknown  except  \rtien  the  theory  is 
nearly  linear  (e.g.,  quantum  electrodynamics).  When  infinite  dimensional 
invariance  groups  are  absent  it  is  possible  to  give  some  indication  as 
to  how  one  may  proceed.  In  this  case  commitation  relations  may  be  written 
directly  for  the  0^  themselves,  namely 

[0^,  ]  -  i  G^'^'  .  (9.3. 1)6) 

The  problem  which  then  arises  is  that  of  defining  the  "operator-propagator" 
G^"^*  in  such  a  way  that  it  can  really  a  commutator.  In  particular, 
it  must  be  consistent  with  the  Poisson-Jacobi  identity  as  v/ell  as  with 
the  dynamical  equations.  Its  consistency  with  the  latter  provides  a 
possible  clue.  Suppose  the  dynamical  equations  ®  have  been 

written  with  their  factors  in  some  given  order.  Then  by  taking  the 
commutator  of  the  dynamical  equations  with  0*'  ,  we  obtain 

0=  i ^  (9-3. 47) 

where  the  dot  signifies  that  the  propagation  function  is  to  be  inserted 

k" 

as  a  replacement  for  60  in  all  the  places  in  which  it  occurs  in  the 

variation  6S  .  .  This  then  suggests  that  the  Green's  functions  them- 

«i 

selves  be  defined  by 

f  •  (9-3.48) 

It  is  not  obvious,  however,  vhat  conditions  the  original  structure 
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has  to  satisfy  in  order  that  Green’s  functions  defined  in  this  way 
satisfy  the  necessary  reciprocity  relations  (9* 3 *33)  and,  finally, 
that  the  Poisson- Jacoti  identity  hold.  It  may  be  possible,  neverthe¬ 
less  to  build  a  self-consistency  schesae,  by  successive  approxima¬ 
tions  perhaps,  to  answer  this  question.  Incidentally,  there  is  no 
a  priori  reason  o  insist  that  should  be  the  variational  deri¬ 
vative  of  some  actual  action  operator.  Its  full  expression  may 
require  the  addition  of  some  small  (proportional  to  ti^)  "non-classical" 
terms.  Its  conqilete  determination  may  also  depend  on  a  number  of 
other  considerations,  for  example,  on  the  requirement  that  all 
criteria  adopted  be  Invariant  under  transformations  which  replace  the 
as  primary  dynamical  variables,  by  arbitrary  local  functions  of 
themselves. 

When  Infinite  dimensional  invariance  groups  are  present  it 
may  be  necessary  first  to  Introduce  some  "preferred"  invariant 
dynamical  variables  (determined  in  the  case  of  general  relativity, 
for  exanple,  by  an  intrinsic  coordinate  system  based  either  on  the 
gecanetry  of  space-time  itself  or  on  some  additional  physical  system) 
which  satisfy  a  set  of  invarieuit  dynamical  equations  and  for  which  a 
commutator  like  (9.3.46)  can  be  written.  On  the  other  hand,  it  might 
prove  possible  to  deal  with  the  original  dynamical  variables  as  ^ 
they  satisfied  the  commutation  relation  (9- 3*4^6),  as  long  as  all 
final  expressions  involve  only  group  invariants.  The  commutator  of 
two  invariants  A  and  B  would  then  take  the  form 

[A,  B]  ■  f  (9*3-4-9) 
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the  condition  for  invariance  itself  becoming 


0. 


(9.3.50) 


In  Eq.  (9.3.49)  the  pair  of  dots  signify  that  the  propagation  function 

4  4 

is  first  to  be  inserted  as  a  replacement  for  in  all  the  places  in 

which  it  occurs  in  the  variation  BB  and  that  the  resulting  ’product 

is  then  to  be  inserted  as  a  replacement  for  Bi>  in  the  variation  BA, 
or,  alternatively,  that  the  process  of  insertion  is  first  performed 

in  6A  and  then  in  BB.  The  equivalence  of  the  two  procedures  follows 

from  familiar  proi>erties  of  commutator  brackets,  together  with  the 

assumption  that  G^’^*  is  itself  actually  a  comnutator.  Vftiether 

conq)lete  consistency  of  the  quantimi  theory  of  geometry,  in  particular, 

can  be  established  along  these  lines  remains  to  be  seen. 

We  conclude  this  section  by  showing  how  the  arguments  and 
methods  thus  far  introduced  can  be  used  to  derive  the  generator  of 
infinitesimal  displacements  in  space-time.  It  is  convenient  for  this 
purpose  to  work  with  an  action  functional  which  is  formally  invariant 
under  the  group  of  general  transformations  of  the  coodinates  even 
though  the  system  in  question  may  not  really  be  invariant  under  this 
group.  Such  an  action  functional  can  always  be  constructed  simply  by 
starting  with  a  standard  "siniplest"  form  and  performing  an  arbitrary 
coordinate  traucformation.  Metric  components  g^^  will  then  make  an 
appearance  as  explicit  functions  of  the  xl^ .  In  this  way  nonrelati- 
vistic  and  Lorentz  invariant  theories,  as  well  as  generally  covariant 
theories  with  fixed  gravitational  ILeld^  can  all  be  treated  at  once. 

It  will  become  apparent  in  Section  7,  furthermore,  that  the  method 
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edso  cover*  the  fully  relativietic  •ituation  la  vhlch  the  gravitational 
field  itself  is  given  dynamical  properties.  IB  this  case  it  is  only 
necessary  to  use  intrinsic  coordinates  in  place  of  the 

infinitesimal  displacement  6x1^  of  the  coordinate  mesh 
corresponds  to  the  coordinate  transformation  -  6x1^.  Under 

this  transformation  the  functional  form  of  the  action  suffers  an 
ejqplicit  change  of  amount 

6S  H  ^  (9.3.51) 


vhere  is  the  stress-energy  density  of  the  system  and  is  the 

change  which  the  mesh  displacement  induces  in  the  eagplicit  metric  • 


2  &S/6g^^^ 


(9.3.52) 


=  6x.  .  +  6x. 


(9.3.53) 


"U.v  V\i 

Here  the  dot  denotes  the  covariant  derivative  with  respect  to  the 
metric  g^  .  In  order  to  insure  convergence  of  the  integral  (9. 3.51), 
vill  be  required  to  vanish  outside  of  a  finite  but  otherwise 
arbitrary  region  cf  space-time. 

Since  the  action  functional  is  formally  coordinate  invariant 
the  change  (9. 3.51)  will  be  exactly  cancelled  by  a  variation  in  the 
corresponding  to  the  same  coordinate  transformation:  x'^  =  8x^. 

This  fact  is  of  great  importeuace,  since  it  means  that  the  change 
(g.3.51)  cem  eilso  be  computed  by  taking  the  negative  of  the  variation 
induced  in  S  by  replacing  the  and  their  derivatives  by  their 
"displaced"  values.  It  is  to  be  noted,  however,  that  when  the 
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dynamical  equations  are  satisfied  this  latter  variation  vanishes  on 
account  of  the  stationary  action  principle.  'This  means  that  e^qpression 
(9.3.51)  itself  has  vanishing  value,  and  hence 

0  »  6S  .  d\  ,(9.3.54) 

vdiicb,  in  view  of  the  arbitrariness  of  ,  iinplies 

-  0  (9.3.55) 

•V 

In  spite  of  the  fact  that  expression  (9.3.51)  has  vanishing  value 
its  e:q>licit  form  is  significant,  and  can  he  viewed  Just  as  if  it 
represented  a  real  change  in  the  physical  system.  The  vanishing  of 
SS  siii3)ly  means  that  the  retarded  and  advanced  effects  which  it  pro¬ 
duces  will  be  identical. 

Let  us  consider  an  arbitrary  local  tensor  quantity  construct¬ 
ed  out  of  the  0^  and  their  derivatives,  the  con5>onents  of  which  may 
be  imagined  as  arranged  in  a  1-  column  array  .  l£t  us  further 
suppose  that  <t>  is  a  group  invariant  of  the  system.  The  change  in 
0  produced  by  the  change  6S  in  the  action  will  vanish  in  regions 
where  8x^  vanishes  and  will  elsewhere  thke  the  form 

6\  .  8’ 0  ^  (9.3.56) 


•orresponding  to  the  alteration  in  the  coordinate  mesh  with  respect  to 
which  0  is  viewed.  Here  the  D^''  are  generators  of  the  matrix  repre¬ 
sentation  of  the  linear  group  to  which  <I>  corresponds;  they  satisfy 
the  commutation  relations 


8^  D 

U  V 


cr  T 
8  D 
V  u 


(9.3.57) 
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We  also  have,  however. 


-  Jd.\  Jd'^z*  ^  G 


iAb'  5  &S 

“T’’ 

50“  60  ^  ^ 

Jd^x*  JdK  ®^*'v* 


r  It  ru  /  4  .  6A  ,  ,V  „ab*  6t*^*''*-^ 

-  Jd  X'  Jd  z  Jd  z*  —  e(z,z*)  G  ^  , 


60 

where  e{z»z*)  is  i^e  step  function: 

when  z>  z* 


e{z,z*) 


{9-3-58) 


(9.3-59) 


when  z  <  z* 

ii«« 


Because  of  the  "locality"  of  and  the  variational  derivatives 

appearing  in  (9.3.58)  will  consist  of  linear  combinations  of  the  delta 
functions 6(x,z)  and  B(x*,z»)  and  their  derivatives,  x  being  the  point 
at  which  0  is  evaluated.  This  means  that  it  is  almost  peruitted  to 
replace  the  step  functions  e(z*,z)»  G(z>2*)  by  e(x*,x),  e(x,x’) 
respectively.  In  fact  this  replacement  can  be  made  provided  extra 
terms  involving  the  derivatives  of  the  step  function:;  are  aaded  as 
needed  in  order  to  account  for  the  effect  of  the  diflerontirtod  delta 
function.  Lumping  these  extra  terms  collectively  into  the  symbol  A  C* 
we  may  therefore  write 


(f 


6*  0  = 


'I 


■future 


Bx  ,  ,d^x')  +  .''iS 

p’ .  V' 


(9.3.60) 
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where  £  is  an  arbitrary  space-like  hypersxirface  through  x.  Perform¬ 
ing  an  integration  by  parts  and  making  use  of  Eq.  (9 *3* 55),  we 
finally  obtain 

^  f  (9*3«6i) 

f)  •  -  “v  .  (9.  .62) 

It  is  seen  that  an  infinitesimal  displacement  can  be  effected 
on  a  group  invariant  0  by  means  of  a  simple  Poisson  bracket  with  an 

infinitesimal  generator  -  which  is  the  nearest  thing  to  a 

Hamiltonian  appearing  in  the  present  formalism  ---  only  if  ^  vanishes. 
^I>  will  vanish  or  not  depending  on  the  effect  of  the  singularities 
possessed  by  the  products  of  the  propagation  function  with  derivati\es 
of  the  step  function.  Generally  speaking,  in  a  theory  for  which  the 
dynamical  equations  are  of  the  second  differential  order  in  the  0^  , 

A®  will  vanish  if  ♦  depends  only  on  the  but  not  on  their  derivatives. 
That  will  not  gener8d.ly  vanish  when  0  depends  on  the  derivatives 
of  is  then  easily  seen  by  taking  derivatives  of  tq.  (Q.?  Cl)  and 
reff  ember  jog  that  5i  itself  depends  on  x  through  its  depei  irr. : on  L. 

This,  hcwc'er,  in  tiurn  implies  that  A®  may  in  special  cases  ■'/anish 
for  all  O,  namely,  if  the  displacement  6xf^  can  be  chosen  in  such  a 

way  that  /v  l>®comes  independent  of  E. - In  such  casts  v’e  may  speak 

of  a  "true  Hamiltonian"  for  the  system.  It  is  to  be  e~phasi"ed  once 
again,  however,  that  although  its  use  is  often  a  convenience,  the 
infinitesimal  displacement  generator  is  not  essential  to  the 
quantization  program. 
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(9.4)  The  free  pcurtlcle  and  the  relativistic  clock. 

In  this  section  we  apply  the  Green’ s  function  techniques  to 
two  simple  pvnmplefi-  the  nonrelatlvlstic  free  particle  and  the 
relativistic  clock.  The  first  provides  a  familiar  Introduction  to 
method  while  the  second  is  of  fundamental  importance  in  the  theory 
of  measurement  of  the  geometry  of  space- time. 

The  action  functional  of  the  free  particle  may  be  taken  in 
the  standard  form 

S  =  ^  dt  ,  (9.4.1) 

where  m  is  the  mass  and  ^  1  position  vector  of  the 

particle,  and  where  the  dot  denotes  differentiation  with  respect  to 
the  time  t.  The  variational  derivatives 

6S/6Xj^  s  -  m  ,  (9*^*2) 

S^ex^  6Xj,  H  .m6^jB(t.t*)  ,  (9*^-3) 

lead  to  the  dynamical  equations 

-mx  c  0  (9***'**) 

and  to  the  equation  for  the  Green's  functions 

6(t-t')  .  (9*'**5) 

The  solutions  of  Eq.  (9-4.5)  are  readily  found  to  be 
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6ij  0(t*-t)  (t'-t) 


(9.4.6) 


6^j  e(t-t')  (t-f)  ) 

e(t-t')  ttelng  the  step  function  for  the  present  case.  From  this  the  * 
fundamental  Poisson  bracket  iamediately  follows: 

Xj.)  =  G^j,  =  -m6^j(t-t')  ,  (9.4.7) 

leading  to  the  uncertainity  relation 

£)Xy  •  lt-t*l  .  (9.4.0) 

The  .  physical  interpretation  of  this  uncertainty  relation  is 
iminedlately  apparent.  A  measurement  of  x^^  with  accuracy  £!X.^  leads  « 
to  an  uncertainty  in  momentum  of  order  l/dx^  and  hence  to  an  un¬ 
certainty  in  the  velocity  component  x^^of  order  m  This  lends 

to  a  Gubeequent  position  uncertainty  which  increases  with  elapsed 
timej  namely;  “(m'V^^) l^-t* U  The  other  components  of  position 

remain  unaffected. 

The  entire  quantum  theory  of  the  free  peurticlc  can  be  ba&ed 
on  the  Poisson  bracket  (9.  4,  7)  taken  in  the  form  of  the  conarutator. 

The  development  follows  completely  familiar  lines.  VJe  confine 
ourselves  here  to  the  derivation  of  the  generator  of  infinitesimal 
displacements  in  time.  The  essential  arguments  have  already  been 
given  at  the  end  of  the  preceding  section.  Remembering  that  the 
change  in  the  eyqpllclt  form  of  the  action  which  generates  the  dis¬ 
placement  6t  is  equal  to  the  negative  of  the  variation  in  the  action 
due  to  the  variation  in  x  itself  under  this  displacement  we  have 
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6S 


X  *  d(x  6t)  -  X  •  X  6t  dt  «  ^  (9*4*9) 


cmd  hence 


X  5t  =  8^x 


'  «o 

[X, 


(x,  H)  6t  ,  (9*4. »10) 


„  1  *2 
H  =  “  X 

“  -  2 


(9-4. 11) 


The  final  form  is  obtained  through  integration  by  parts  and  use  of 
Eq.  (9.4.4).  The  possible  extra  term  As:  tcf.  Eq.(9.3*6o)l  vaixishes 

in  the  present  case  since  Gj^jt  ^  “  '^ij'  )  =  0. 

Furthermore,  since  the  Hamiltonian  H  is  constant  in  time,  the  equation 


f  =  (f,  H)  (9*4*l2) 

holds  for  quite  general  dynamical  variables  f. 

The  theory  of  the  relativistic  free  particle  can  be  develop¬ 
ed  in  a  quite  similar  fashion,  starting  from  the  action  fiinctional 

1 

S  =  -r^  (I'i^)^  '  (9. ^.13) 


One  obtains  the  equation  for  the  Green's  functions 


-6ij  6(t-t*)  ,  (9- 4*14) 


which  leads  to  the  Poisson  bracket 


(3^,  X  ,) 


-m(l-x^  (6j^.  -  Xj^x  )(t-t').  (9.4.15) 


In  this  form,  however,  the  formalism  is  unsuitable  for  extension 
and  application  to  the  measurement  problem  in  general  relativity. 
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Since  the  dynamical  equations  derived  fi-om  the  action  (9.**  .13)  are 
Lorentz  covariant,  the  fonaolism  itself  should  be  made  Lorentz 
covariant.  What  is  needed  is  a  manifestly  Lorentz  covariant  Poisson 
bracket  instead  of  one  vhlcii,  like  (9.'+.15),  sinsles  out  the  time  for 
special  treatment.  For  this  purpose  it  is  necessary  to  introduce  the 
proper  time.  Proper  time,  however,  must  be  reckoned  starting  from 
some  zero  point  which  the  particle  by  itself  is  unable  to  provide. 

For  e.'mn^le,  it  is  not  satisfactory  to  reckon  proper  tine  from  the 
moment  (i.e.,  space  time  event)  when  one  of  the  spatial  coordinates 
of  the  particle  has  a  given  value,  or  when  the  ordinary  tine  itself 
has  a  given  value.  For  such  a  reckoning  would  not  treat  all  the 
space-time  coordinates  of  the  particle  equally,  and  the  resulting 
formalism  would  not,  in  fact,  be  manifestly  covariant.  In  order  to 
achieve  a  manifestly  covariant  formalism  which  is  suitable  for  the 
measurement  problem,  one  must  have  available  an  intrinsic  proper 
tim.e,  and  this  can  only  be  provided  by  a  physical  clock  which 
"sits  on"  the  particle. 

yor  simplicity  the  clock  itself  may  be  regarded  as  being 
the  particle.  If  the  tcm  "particle”  is  to  remain  applicable  this 
means  that  the  physical  dimensions  of  the  clock  must  be  small,  or 
else  that  the  clock  coordinates  must  be  "internal"  coordinates,  un¬ 
related  to  space-time.  We  do  not  concern  ourselves  here  with  the 
question  of  the  practical  realizability  of  such  clocks.  We  must, 
however,  inquire  into  the  nature  of  the  action  functionals  which 
describe  them.  For  the  stee  of  orientation  it  is  convenient  at 
this  point  to  adopt  the  conventional  Lagrangian  -  Hamiltonian  view¬ 
point,  although  in  the  final  development  it  will  be  dispensed  with. 
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The  internal  dynamics  of  the  clock  vill,  in  bhe  rest  frame, 
be  describable  by  a  La^pratiian  i(q,  4)  depending  on  a  set  of  internal 
coordinates  and  their  time  derivatives.  Alternatively,  the 
description  may  be  made  in  terms  of  a  Hamiltonian 

m  -  -  i  ,  ®a  “ 

which  is  expressible  as  a  function  of  q's  and  p's  after  the  second 
of  Eqs.  (9.4.16)  has  been  solved  for  the  q's.  The  symbol  m  is  used 
here  for  the  Hamiltonian,  since  its  value  will  be  simply  the  rest 
mass  of  the  clock  (assuming  proper  choice  of  the  energy  zero  point). 

In  passing  now  to  an  arbitrary  InertlEil  frame  it  is  only  necessary 
to  note  that  time  derivatives  become  proper  time  derivatives. 

Heferring  back  to  coordinate  tine,  therefore,  we  may  write  the 
Lagranglan  in  a  general  frame  in  the  form 

.i.  i 

L  •  i(q,  q(l-x®)®  )(l-x^)^  .  (9*Jj‘17) 

The  momenta  p^  remain  unchanged  in  value,  while  the  momenta  conJ\agate 
to  the  x^  become 

p^  =  -  [p^  q®(l-x2)2  -  ^]x^(l-x2)^ 

=  m  Xj^(l-x^)^  . 

The  Hamiltonian  therefore  becomes 

1  1 

H  =  p  •  X  +  p  q^  -  L  -  p  •  X  +  m(l-x^)^  »  (m^  +  p^)'^  , 


(9-‘^-l8) 


(9'4-19) 
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Just  as  for  a  particle  without  any  Internal  degrees  of  freedom. 

All  the  Internal  variables  are  contained  In  the  boss  m. 

liany  different  mechanical  devices  (Including  atoms  and 
molecules!)  are  adaptable  for  use  as  clocks.  In  the  majority  of 
cases  these  are  essentially  conservative  multiply  periodic  systems, 
and  It  will  suffice  to  confine  oiur  attention  to  them.  Tbe  des¬ 
cription  of  multiply  periodic  systems  Is  conveniently  carried  out 
with  the  aid  of  the  classical  angle  and  action  variables.  For 
purposes  of  measuring  %lme  only  one  of  the  angle  variables  Is 
really  necessary.  Therefore  It  stiff Ices  to  consider  clocks  hav¬ 
ing  only  one  degree  of  freedom,  with  one  action  variable  J  and  one 
angle  variable  ©.  Other  degrees  of  freedom  may  actually  be  present, 
but  If  we  agree  never  to  disturb  them  by  measurements,  the  action 
variables  associated  with  them  (which  determine  the  Internal 
energy  and  hence  the  rest  mass)  will  remain  constant  and  may  be 
Ignored.  The  rest  mass  will  then  be  a  function  of  the  si  ngle 
variable  J,  and  the  euigular  frequency  of  the  Internal  motion  will 
be  given  by 

CD  =  .  (9*'+*2P) 

The  Hamiltonian  equations  for  the  clock  become 

1 

X  =  p(m‘^  +  P  )  »  P  * 

a 

•  .2  2\2 

0  ■  m(m  +  p  )  o)  ,  J  = 


(9*4.21) 
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as 


The  in’teroal  dynaalcal  quan'ti'ty  a  ^  will  be  recogaized 
the  Intrinelc  proper  time.  We  may  now  ask  auch  queationa  as: 

Where  will  the  clock  be  when  the  Intrlnalc  proper  time  haa  the 
oumerical  value  t,  and  what  trill  the  value  of  the  coordinate  time 
be  at  that  InstaatT  With  the  aid  of  the  Hamiltonian  equationa  it 
is  easy  to  see  that  the  anawers  to  theae  queationa  are  given 
respectively  by 

j(t)  “  $  *  m"^p(T-ie"^e)  ,  (9. *+.22) 

1 

t(T)  -  t  +  m"^(m'‘^+p2)2(T.aj-^e)  ,  (9-'*-23) 

in  terms  of  the  values  of  the  dynamical  variables  x,  p,  ©  at  an 
arbitrary  time  t.  Poisson  brackets  of  x(t)  and  t(T)  with  each 
other  may  therefore  be  constructed  in  the  conventional  canonical 
manner;  it  is  only  necessary  to  bear  in  mind  that  m  and  co  are 
functions  of  J.  A  straightforward  coii5)utation  leads  to  the  com¬ 
pletely  covariant  result 

(x^*(T),  x''(T»)  )  -  ,  (9.'^.2^) 

the  indices  on  the  x^^  have  ijeen  raised,  in  accord  with  the 
introduction  of  the  Minkowski  metric  ■  diag  (-l,l,l,l)  and 

\rtiere  x^C")  ~  tC"). 

The  dots  are  now  used  to  denote  differentiation  with  respect 
to  the  proper  time.  It  will  be  observed  that  Eq.  (9.**'.2'*-)  is  con¬ 
sistent  with  the  identity  ■  -1. 
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The  covariant  Poiseon  Tji*acket  above  was  obtained  with  non¬ 
covariant  methods.  We  shall  next  see  how  the  same  result  can  be 
obtained  with  Green’s  functions  within  the  framework  of  a  manifestly 
covariant  formalism.  The  simplest  covariant  description  of  the  rela¬ 
tivistic  clock  is  provided  by  the  action  functional 

1 

S  ic  flje  -  m(-x^)^  Idt  ,  (9**^»25) 

^  13 

vrtiere  t  is  here  a  completely  arbitrary  parameter,  differentiation 
with  respect  to  which  is  denoted  by  the  dot.  (Note  the  varying  uses  of 
the  dot!),  and  where  x^  is  an  abbreviation  for  The  variational 

derivatives 


where 


83/8J  =  0  -  <u(-x^)^  =  0  , 

(9.4.26) 

83/80  =  -  j  *  0  , 

(9.4.27) 

83/&x^  s  -d(m  v^)/dt  =  m  v^  =  0  , 

(9.4. 28) 

_1 

v^‘  =  Jif"{.x2)’2,  v*"v^  =  -l, 

(9.4.29) 

yield  dynamical  equations  equivalent  to  those  of  (9  •  21 ) .  However, 

the  second  variational  derivatives 

6^/6J  6J*  s  -  (6a/6j)(-x^)^  6(t,t»)  , 

bh/bJ  80*  H  a  6(t,t')/6t  ( 


6%/6J  ^  6(t,t')/6t,  I 

6^3/60  80*  =  O,  ? 

6^3/80  Sx^'  s  O,  ^ 

82s/8x^  6x^'h  .  d[m(-x2)  2  ^  6(t,t*)/dt]/^ 


(9.4.30) 


where 


=  n  +  V  V  , 
Vv  n  V  ' 


P  v''  so, 
kiv  ' 


(9.4.31) 
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do  not  in  the  present  case  lead  imnediately  to  equations  for  the 
Green* s  functions  of  the  system.  This  is  hecause  the  action  {9.h.75) 
possesses  an  infinite  dimensional  invariance  group,  mamely  that 
associated  with  the  arMtrariness  in  the  parameter  t.  Under  the  in¬ 
finitesimal  parameter  transf ormati- -n  t*  =  t  -  8t  the  dynamical 

variables  suffer  the  changes 

BJ  =  J  8t  =  0  ,  ^ 

Be  =  e  6t  =  cu(-x^)\&t,  /  (9-'+*32) 

Bxl^  =  if^5t  =  Bt,  J). 

When  the  dj^namical  equations  are  satisfied  the  condition  that  a  given 
dynamical  quantity  A  be  parameter  invariant  is  evidently 

M  =  0  .  (9A.33) 

Bx^ 

The  action  functional  itself  is,  of  course,  parameter  invariant. 

In  order  to  obtain  definite  solutions  to  the  equations  for  the 
disturbances  5*J,  S*G,  8*x^  induced  in  the  system  by  the  addition 
of  an  infinitesimal  parameter  invariant  eA  to  the  action(9*^*2  ),  it 
is  necessary  to  impose  a  supplementary  conflibion.  The  one  which  is 
convenient  here  is 

vB*i*^  =  0  . 

h 

If  this  condition  is  not  already  satisfied  it  can  easily  be  imposed  by 
first  carrying  out  an  infinitesimal  parameter  transformation  (9-?<-32) 

for  which  ^ 

8t  =  (-x^)  ^  6*3^  dt  .  (9* ‘+•35) 

When  it  is  satisfied  it  is  easily  seen  from  Eqs.(9*^*30)  and((9.4.3l) 

that 
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B^J  « 

'i 

6A 

r*  »** 

°  J 

^.)  df 

8-0  - 

!/ 

<“  «• 

CA  t 

5j*^^Ge» 

8A  ^ 

1  u* 

°  0 

fw*’’ 

8V  - 

8A  ip 

Sj*^  ^  0* 

8A 

50** 

G*iv* 

where  the  are  the  Green*  s  functions  for  the  wave  operator 


f^JJ* 

^Je* 

^Jv*^ 

^0J’ 

1 

^60* 

^0v’ 

\PJ' 

^P0* 

/  i 

-a6(t,t*)/at  0 


0 

0 


^03  5  6(t,t’)/5t 


_1 

The  computation  of  the  Green*  s  functions  is  straightforward.  Qae 

±  +  u*  ±  u* 

easily  finds,  for  example,  that  the  functions  G  jji  ,  G“j  /  ^  q  > 

G^  I  vanish.  The  Poisson  bracket  of  two  invariants,  A  and  B 

J* 

therefore  reduces  to 

(A,  B)  -  Jdt  Jdf  ||,+  ^  G^,  g,  +  ^  G^,  H, 


k9*‘»*3'?0 


+  M  G**  .  51  ^pv*  6B  j  . 

6^  e*  50*  6X''* 


(9**»-38) 

We  postpone  evaluating  the  remaining  Green's  functions  until  after 
we  have  introduced  a  description  in  terms  of  the  proper  time.  First 
it  is  important  to  check  that  the  solutions  (9***'*36)  satisfy 
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the  supplementary  condition  (9**^*3*<-)*  From  the  equations 

-6(t,t')  -  J(F^,.  oVe*  ^89”  “Ve*  e'^  ^ 

-  -  ^  ' 

0  =  """j-e*  V’  "‘Vo*  0*^  ^ 


i  \ 


*  -  m  3  [(-x^^  5  /dt]/bt  , 


''  )  df 


it  follows  that 


•V  ,2HV 

V  o  G 
ti 

where  the  functions  G“  satisfy 


a  G^q,  /  c>t  =  u)  G*(t,  t')  ,  ^ 

v  ,dtiv’  /  dt  =  v'^  G~(^>  / 


(9-4.39) 


(9.4.40) 


n  d[(-i2)^  G-(t,  t»))/&t  =  -  &(t,  t»)  .  (9.4.41) 


We  therefore  have 


v^8*x^  =  ^  G"(t,t’)  (ui’  ^,+  v''  '  (9*4.42) 

which  vanishes  on  account  of  the  invariance  condition  (9*4.33)* 

Consider  now  an  arbitrary  local  function  f  of  the  dyna¬ 
mical  variables  and  their  t-  derivatives.  It  is  important  to  make 
a  distinction  between  the  quantity  f,  taken  at  an  arbitrary  value 
of  t,  and  the  same  quantity  taken  at  that  value  of  t  for  which  the 
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intrinsic  proper  time  uT^©  has  the  numerical  value  T.  For  the 
moment  we  shall  denote  the  latter  quantity  by  The  relation 

between  f  and  f  is 

T 

1 

(-x^)%(T-uj~^e)  f  dt  . 

Using  the  dynamical  equations  it  is  straightforward  to  show  that 

_1 

Next,  let  us  Compute  the  disturbances  in  f^  due  to  the  addition  of 
eA  to  the  action.  Making  use  of  the  supplementeury  condition  (9>4.34) 

^  4* 

and  the  equations  satisfied  by  &  J  and  blQ,  as  determined  by  the 
variational  derivatives  (9.4.30),  we  find,  from  Eq.  (9.4.43), 

&*f^  =  (a'f)^  +  (Sf^Sr)  -  (6*©)^  +  T(aa/aj)(6'^j)^] 

_1 

+  €((.x2)'2  »  ^[(6A/6J)^  +  T(Sa/dJ)(6A/B0)^)  .  (9-4.45) 


With  the  aid  of  this  resiilt  we  may  reformulate  the  Poisson  bracket 
of  two  invariants,  A  and  B,  in  terms  of  intrinsic  proper  time.  We 
first  set  t  formally  equal  to  t,  replace  9  by  cot  wherever  it  occurs 
in  the  c^qiresslons  for  A  and  3,  and  regard  A  and  B  as  e:q>liclt 
functionals  of  (x^)^  J_^.  Then,  noting  that  the  second  line  of 

(9.4.45)  disappears  in  the  difference  which  occurs 

in  the  definition  of  the  Poisson  bracket,  we  have 

(A,B)  =  Z'dTjdT-  [.  “  f  ,- a  v** 


.  2i„  ((J*' 


,V  CU 


-1 


V*  -1 


(U  & _ ,V  0) 


6x^  O’ 


&x' 


.46) 
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where  the  suhscripts  x  have  now  been  dropped. 

The  equations  for  the  Green's  functions  take  the  following 


forms  in  terms  of  the  proper  time; 

’)  >\ 

1 

-  c*jQ.  +  &  G'eet/^  “  0  > 

i 

t 

; 

(9- *^•**■7) 

\ 

\ 

\ 

j 

1 

-maV/’/ax^  -.6/ 

1 

■} 

The  solutions  of  these  equations  are 

“m-  -  ^  )  , 

G-  ,  =  ^  (2>av'aj)  0(^  (T  -  T')  )(T  -T»)  , 

00 

\ 

1 

/ 

i 

\ 

(9,4.48) 

,  =  ±  m"^  (B  9(»  (x  -  T*)  )(T  -  T‘) 

G' 

*  ; 

1 

G*"''*  =  m-^  e(^  (X  -X*)  )(T  -  xt)  , 

1 

f 

/ 

and  hence,  finally. 

V  r  r.  .  [  BA  U  *  -1  BB  6A  ,  u  ,  - 

(A,  B)  =JdTjdT.[5jV  □> 

.1  5B 

5J’ 

.  (r  -  T.)  M s 

Sx’^ 

]  • 

(9-‘t-'*9) 

In  particular. 

(x^,  x^’)  =  -  m-^  (T  -  T*) 

9 

(9.4.50) 

in  agreement  with  Eq. 
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in  their  application  to  the  relativistic  clock  the  Green's 
function  techniques  are  evidently  open  to  the  criticism  of  beinc 
unduly  coii®)licated.  Ihe  particular  method  which  this  8in5>le 
exaarple  illustrates,  however,  is  of  great  iiiq?ortance  in  the  quan¬ 
tization  program  of  general'  relativity  and  justifies  the  attention 
given  to  it.  The  process  of  passing  from  general  to  intrinsic 
coordinates  will  he  encountered  again  in  Section  6  and,  in  fact, 
will  almost  certainly  be  characteristic  of  any  other  covarlant 
quantization  procedure.  It  should  also  be  pointed  out  that,  by 
using  the  covariant  procedure  in  the  present  example,  we  have 
gained  somewhat  more  than  the  mere  Poisson  bracket  (9.4.50). 

For  example,  the  generator  of  infinitesimal  displacements  in 
proper  time  is  readily  derived  from  the  action  J9.4. 25)* 

A  displacement  in  proper,  time  is  described  by  a  variation 
5<^6t  in  the  space-time  coordinates  of  the  clock,  with  no  varia¬ 
tion  in  0  or  J.  [Thus  the  variations  (9**''-32)  do  not  describe  a 
proper  time  displacement;  they  correspond  merely  to  a  parameter 
transformation,  in  which  the  change  in  e  effects  a  change  in  the 
correspondence  between  t  and  the  intrinsic  proper  time  which 
precisely  cancels  the  proper  time  displacement  effected  by  x^6t.  ] 
Remembering  again  the  general  rule  that  the  e3q>liclt  change  6S 
in  the  action  needed  to  effect  the  desired  change  in  is  equal 
to  the  negative  of  the  variation  in  the  action  due  to  an  explicit 

change  in  x^  of  the  desired  amount,  we  have 

1 

6S  5  -  r  m(-i^)  ^  d(il^6t)  *  m  6t  dr,  (9 


1^.51) 
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in  \rtiich  t  is  set  equal  to  the  proper  tine  in  the  second  integral. 
Using  the  form  (9. 4.1*9)  for  the  Poisson  bracket,  therefore,  we 
have 


i  8t  = 


(xf",  ^mftTtdT*)'^ 
m  5Wt») 


(x!^ ,  m)  8t  , 


(9**^*52) 


in  which  the  usual  integration  by  parts  has  been  performed  and  the 
T- independence  of  m  has  been  used.  Dropping  the  8t,  we  have 


=  -  (x^  m)  =  v^  ,  (9.4.53) 


and  similarly 

j  =  _  (j,  m)  =  0.  (9*4.54) 

Equations  (9.4.53)  and  (9*4.54)  are  verified  at  one  by  explicit 
use  of  (9.4.49). 

The  role  of  the  rest  mass  as  the  generator  of  proper  time 
displacements  reflects  its  role  as  the  variable  conjugate  to  the 
intrinsic  proper  time  co  ^0.  In  the  quantum  theory  this  conjugate 
relationship  has  the  consequence  that  a  meas\irement  of  proper  time 
with  an  accuracy  At  inqilies  an  xmeertainty  in  the  rest  mass  of 
order  1/At.  Since  mass  is  always  positive  this  implies  that  the 
"classical"  or  "average"  value  of  the  clock's  mass  must  be  at 
least  as  big  as  1/At  in  order  that  the  measurement  actually  be 
possible.  It  should  be  pointed  out  in  this  connection  that  the 
angle  variable,  and  hence  the  intrinsic  proper  time  itself,  has 


65 


strict  validity  as  a  concept  only  in  the  classical  limit.  It  is 
generally  iinpossible,  in  any  given  case,  to  construct  for  a  peri¬ 
odic  system,  an  Hermitian  cqperator  vhich  can  be  strictly  regarded 
as  a  quantum  proper  time  variable  conjugate  to  the  Hamiltonian 
of  the  rest  framej  this  is  a  consequence  of  the  one-sided  (posi¬ 
tive)  and  discrete  character  of  the  rest-mass  spectrum.  Our 
theory  of  the  relativistic  clock,  therefore,  like  our  treatment 
of  the  elastic  medium  in  the  following  sections,  is  essentially 
phenomenological.  Nevertheless,  the  above  estimte  of  the 
miniuum  mass  reqiircd  to  effect  a  proper  time  measurement  of 
given  accuracy  has  a  basic  validity,  as  has  been  confirmed  in 
studies  of  specific  clock  models  by  Salecker  (1957)* 
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(9.5)  The  stiff  elaatlc  medium. 

In  order  to  use  an  elastic  medium  as  a  coordinate  framework 

we  must  Imow  something  about  its  dynamical  properties,  so  that  we 
may  be  able  to  Judge  the  accuracy  of  measurements  made  with  its 
aid.  Since  the  properties  which  determine  this  accuracy  are 
mainly  nonrelativistic  ones,  we  look  first  at  the  nonrelativistic 
theory.  This  will  then  be  followed  by  a  description  of  the  log¬ 
ical  extension  of  the  theory  to  tl.e  relativistic  domain. 

In  the  so-called  "Lagrangian"  scheme  of  coordinates  the 
constituent  particles  of  tue  medivm  are  ilcntiiied  by  a  set  Oi 
three  labels  u"^,  a  =  1,  2,  3-  The  u^  provide  what  is  generally 
a  curvilinearsystem  of  coordinates  which  changes  with  time  ac¬ 
cording  to  the  motion  of  the  medium.  Its  "shepe”  is  described 
with  reference  to  a  Cartesian  inertial  frame  of  so-called 
'-Bulerian"  coordinates  x^,  i  =  1,  2,  3-  The  relation  between  the 
Lagrangian  and  Eulerian  coordinates  is  expressed  by  a  set  of  three 
functions  x^  (t,  u)  depending  on  the  time  t  as  well  as  the  labels 

Chau'acteristic  properties  of  the  meditmi  may  be  expres¬ 
sed  in  either  the  Lagrangiein  or  the  Eulerian  system.  For 
example,  if  f  is  a  density  in  the  Eulerian  system  and  f^  is  the 
corresponding  density  in  the  Lagrangian  system,  the  relation 
between  the  two  is  given  by 


where  a(u)/a(x)  is  the  Jacobioua  of  the  transformation  from  one 
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system  to  the  other. lliere  sire  two  princli>al  densities  which  char¬ 
acterize  an  elastic  medium:  the  mass  density  and  the  internal 
energy  density,  ^dxlch  we  shall  denote  by  and  w^  respectively. 

Ihe  mass  density  may  vary  from  point  to  point  in  the  medlm, 
but  will  be  otherwise  constant;  it  depends,  therefore,  only  on 
The  constancy  in  time  follows  from  the  law  of  conservation 
of  mass,  which  may  be  eo^ressed  in  the  form 

Pq  -  0  ,  (9.5.2) 

the  dot  denoting  differentiation  with  respect  to  the  time.  More 
precisely,  the  dot  will  be  used  to  denote  partial  time  dlffereni- 
atlon  when  the  quantity  over  which  it  stands  is  regarded  as  a 
function  of  t  and  u.  The  same  quantity  may  also  b5  regarded  as 
a  function  of  t  and  x  h  (x^,  x^,  x^),  however,  and  "in  this  case 
partial  time  differnntiatlon  xrt.ll  be  denoted  by  a  subscript  t. 

The  relation  between  the  two  kinds  of  derivatives,  for  an  arbitrary 
quantity  q,  is 

4  “  ^  Si  ^i  *  (9.5.3) 

Vi  H  Xi  s  ^j^(t,  u)/&^  ,  (9.5.*+) 

the  comma  followed  by  an  index  denoting  differentiation  with  re¬ 
spect  to  Xj^.  From  this  relation  together  with  the  law  of  dif¬ 
ferentiation  of  Jacoblans,  the  mass  conservation  law  in  the 
Euler i an  system  is  residily  derived: 

P|.  +  (P^i^,i  “  0  .  (9.5.5) 

The  internal  energy  density  w^  ,  like  p^  ,  may  vary  from 
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point  to  point  in  the  medium.  Its  variations,  however,  unlike 
those  of  Pq,  are  not  "pre-set"  but  depend  in  some  measure  at  least 
on  the  dynamical  sitxjation.  It  will  be  assumed  that  the  spatial 
dependence  of  w^  can  be  cleanly  separated  into  two  well  defined 
parts,  (l)  an  explicit  dependence  on  reflecting  a  possible 
spatial  variation  in  the  basic  constitution  of  the  medium,  and 
(2)  an  explicit  dependence  on  the  shape  of  the  Lagrangian  coor¬ 
dinate  mesh  at  the  point  u.  The  shape  of  the  lagrangian  mesh 
is  described  by  the  Lagrangian  metric 


^ab  *i»a  ^i»b  * 


(9.5.6) 


(Here  the  conma  followed  by  a  lower  case  Latin  index  from  the 
beginning  of  the  alphabet  denotes  differentiation  with  respect 
to  a  u. )  The  dependence  of  w^  on  the  time  enters  only  through 
its  dependence  on  7^^. 

The  use  of  Pq  and  w^  constitutes  a  phenomenological  des¬ 
cription  of  the  meditim,  the  validity  of  \rtiich  depends  on.  the 
adequacy  with  which  gross  properties  of  its  actual  atomic,  col¬ 
loidal  or  granular  structure  can  be  treated  by  means  of  instan¬ 
taneous  averages .  Tlie  phenomenological  description  has  been  well 
established,  on  the  nonrelativistic  level,  for  many  experimentally 
analyzed  solid  materials.  However,  our  program  here,  being  of  a 
conceptual  nature,  does  not  hang  on  actual  laboratory  observations, 
and  we  shall,  in  fact,  assume  the  validity  of  the  phenomenological 
description  in  the  relativistic  domain  as  well.  Furthermore,  in 
the  relativistic  extension  of  the  theory  we  shall  assume  that  we 
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can  continije  to  maintain  a  sharp  distinction  hetween  Pq  and  w^. 

The  quantity  win  be  regarded  as  the  rest  energy  density  due 
to  the  masses  of  the  constituent  particles  vhlle  is  regarded 
as  the  rest  energy  density  arising  from  internal  stresses,  i.e., 
interactions  between  the  particles. 

The  form  of  the  action  functional  for  the  elastic  medium 
may  be  inferred  from  nonrelativlstic  particle  mechanics.  In  the 
Lagrangian  system  it  is  given  by 

S  |dt  pQ^i^i  ■  *  (9*5»7) 

The  djTiamical  equations  are 

5S/8x^  H  .  PqX^  -  (t^\,a),-b  =  (9.5.8) 

where 

t®^'^  =  -2  *  (9.5.9) 

In  the  Eulerian  system  these  equations  take  the  form 


-  P  (^it  ^i»j  -  'io. 


=  0 


'iO»J  ”  * 


"ij  - 


(9.5.10) 

S(y)  .  ab 

*i»a'"jib''  ,  (9.5.11) 


which  identifies  t  as  the  internal  stress  density,  giving  rise  to 

^  V 

a  body  force  density  of  amount 


f 


i 


(9.5.12) 


This  identification  is  also  confirmed  through  a  consideration  of 
the  work  done  by  this  force  on  the  constituent  particles  of  the 
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medlvun  under  an  infinitesimal  displacement  : 

The  energy  supplied  to  perform  this  work  must  come  from  the  medium 
Itself  and  therefore  shows  t^)  as  a  loss  in  the  internal  energy* 

In  combination  with  the  mass  conservation  law,  Eq.  (9 0*10) 
may  be  re-e:q)ressed  in  the  form  of  a  momentum  conservation  law: 


■J^c 


d^u 


(9.5.13) 


(P^i^t  ^  ^iJ»J  “  °  ^ 


'ij 


P  ^  "^ij 


(9.5.14) 

(9.5.15) 


T  is  the  stress-momentum-flux  density.  With  the  aid  of  the 

^  j  — — — — — — — — 

identity 


w„ 


(9.5.16) 


Eqs. (9.5.5)  and  (9*5.14)  may  also  be  combined  into  a  law  of  energy 
conservation ; 


(i  pv^v^  +  w)^  +  (|  pv^v^vj  +  wvj  +  v^t^j)^j  -  0  (9.5.17) 

The  changes  in  the  dynamical  variables  xinder  the 
addition  of  an  infinitesimal  eA  to  the  action  (9.5.8)  satisfy  the 
equation 


_±  .'  ,  abed  c±„  ^ 

Pq6  x^  +  (c  Xj,^) 


(9.5.18) 
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o 


(9-5-19) 


abed  _  1, 


There  are  no  infinite  dimensional  invariance  groups  for  this 
system,  and  hence  the  Poisson  bracket  nay  be  written  at  once  in 


the  form 


(A,B)  -  Jdt  Ja\  Jdt*  Jd^u*  G^j.  ,  (9-5.20) 

where  G  ,  is  the  propagation  function  formed  from  Green's  functions 
satisfying  the  eqiiation 

••t  /  ahcdl  —  i  \  ^  ■»  — &  t  (9*  5  *21) 

■  ^0°  ij*  ^>a^c°  kj*,d^b  -  ^  ij'>a^b  ij*  •  ^ 

The  generator  of  infinitesimal  displacements  in  time  may 
be  obtained  in  the  now  familiar  manner.  Tlie  pertinent  variation 
in  the  explicit  form  of  the  action  is 


5S  s  ~  [poXid{Xj^5t)/&t  + 


whence 


f  =  (f,  H)  , 


(9-5-22) 


(9‘5*£3) 


H  2  J(|po*i^i  *  (9-5-21^) 

Here,  because  of  the  constancy  of  the  Hamiltonian  H,  Eq.  (9- 5 -23) 
holds  for  an  arbitrary  dynamical  variable  f.  The  generator  of 
infinitesimal  spatial  displacements  may  be  similarly  obtained. 

In  this  case  the  pertinent  variation  is 

6S  =  -  Jdt  Jd\  ^^\,a^^i,c®"‘'^b^  *  ^9-5-25) 
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\rtience 


//po’V^%  ^V)f=:t  * 


since 


The  possible  extra  term  [cf.  Eq,.  (9*3*6o)  ]  vanishes 

G  0(t  -  t*)  =0-  as  may  Ee  inferred  from  the  fact  that  the 

ij’»a  ' 

velocity  of  propagation  of  small  disturhances  relative  to  the 

medium  is  either  zero  (absence  of  internal  stresses)  or  finite, 

so  that  G.  .,  =  0  when  t  =  t».  Since  the  total  momentum 
1 J 

fi  • /» ''1 

is  conserved,  Eq.  (9.5.26)  may  immediately  be  generalized  to 

=  (f,  P^)  (9*5*26) 


for  all  f.  It  is  to  be  noted  that  spatial  displacements  are 
treated  separately  from  displacements  in  time  in  this  nonrelativis- 

tic  theory;  thus  the  6u°’  have  no  dependence  on  t,  and  &t  has  no 
, ,  a 

dependence  on  the  u  . 

The  defining  equation  for  the  Green's  function  has  an 
'oqdesirqble  feature  when  written  in  the  form  (9*  5  "21),  namely, 
some  of  its  indices  refer  to  the  Lagrangian  system  while  others 
refer  to  the  Eulerlan  system.  For  many  purposes  it  is  convenient 
to  transform  completely  to  the  Lagrangian  system.  A  vector 
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in  the  Eulerion  system  is  transformed  into  a  contravariant  vector/ 
in  the  Lasrangian  by 

-  u®  .  A,  ,  (9.5.29) 

/I  i 

and,  reciprocally, 

A.  =  X,  „  .  (9.5.30) 

i  i>a 


Furthermore, 


,i 


“  »i  ^i#b 


(9.5.31) 


where  the  dot  followed  by  an  index  denotes  covariant  differentia¬ 
tion  with  respect  to  the  Lagrangian  metric  7^^.  It  is  important 
to  note  that  the  transformation  coefficients  ^<1  their  reci¬ 
procals  generally  depend  on  the  time.  Therefore,  when  time 

derivatives  are  performed  the  velocity  and  absolute  acceleration  of 
the  medium  relative  to  the  Eulerian  inertial  frame  make  their 
appearance.  Thus,  defining 


a 

V 


a 

.i  ''i 


f 


(9.5.32) 


and  differentiating  Eq.  (9.5.30),  we  f-tnd 

u""  .  Z  =  ^  +  a"^  ,  .  (9.5.33) 

fi.  i  'b  .b 

The  Green*  s  function  equation  in  the  Lagrangian  system  therefore 
takes  the  following  form: 
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-Pn  +  2v' 


L±C 


■b» 


•  c 


b* 


+  a 


.ic 


,) 


•c  b* 

cd  ,±a 


*  »*dVc>.o  -  "“b..c).a  -  -  •  (S-’-S'*' 


The  elastic  meditim  is  most  useful  in  providing  a  "labora¬ 
tory  coordinate  system"  when  it  is  in  a  "ground  state,  in 
which  its  oscillation  modes  are  quiescent  and  its  bulk  motion  is 
uniform  rectilinear.  This  dynamical  condition  is  described  by  the 
vanishing  of  the  internal  stresses  t^'^  as  well  as  of  the  quantities 

v°'  and  a^.  It  must  be  recognized,  however,  that  such  a  des- 

•b 

cription  is  a  semi -classical  one,  and  an  investigation  must  be 
of  its  consistency  with  the  actual  presence  of  zero  point 
quantum  fluctuations.  The  quantum  fluctuations  may  be  describea 
intemis  of  the  difference  between  the  actual  Eulerian  positions 
of  the  constituent  particles  of  the  medium  and  the  average 
values  of  these  positions: 


5  X .  —  X ,  "  V  X  j 


(9.5.35) 


The  validity  of  the  semi-classicea  approximation  depends  on  the 
accuracy  with  which  average  values  of  products  may  be  replaced  by 
products  of  average  values.  It  will,  in  particular,  depend  on  the 
accuracy  with  which  the  average  value  of  the  Lagrangian  metric 
may  be  expressed  in  the  form 

■  <-l,^  ('‘l.b)  (9-5-36) 

The  actual  Lagrangian  metric  is  given  by 

Vb  •  2  =»b  *  ®  ^  ‘‘°-b  -  (9.5.37) 
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(9*5. 38) 


where  s  ,  is  the  strain  tensor: 
ao  '  ■ '  ■  — — 

the  covariaxit  derivatives  beinc  defined  with  respect  to  the  metric 
(9.5.36)  and  the  passage  to  the  Lugrangian  system  being  now  under¬ 
stood  as  effected  by  the  transformation  coefficients 
problem  therefore  becomes  one  of  determining  the  conditions  inider 
which  the  mean  value  of  the  product  B  8  x  will  be  small 

compared  to  ^ab)-  Our  approach  will  be  to  begin  by  assuming  the 
semi- classical  approximation  and  then  to  demand  that  it  be  self- 
consistent. 

The  smallness  of  the  product  that 

the  strain  tensor  itself  is  effectively  small.  A  Hooke's  Lew 
approximation  to  the  elastic  forces  may  therefore  be  assumed, 
and,  by  r.ppropriate  adjustment  of  the  zero  point,  the  Internal 
energy  may  be  expressed  in  the  form 


1  abed  „ 

'^0  ~  2  ab  cd  * 


(9»5->39) 


yielding  for  the  stress  density  the  erqpression 


t 


ab 


abed 

c 


cd 


t 


(9. -.40) 


where  the  are  now  independent  of  the  dynamical  state  and 

depend  only  on  u.  These  e:q>ressions  depend,  of  com’se,  on  the 
original  assumption  that  the  medium  is  stressless,  on  the  average, 
in  the  quantum  state  in  question: 
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(®ab)  “  °  °  *  (9.5.UI) 

It  Is  convenient  to  choose  the  Lagranglan  system  in  such 
a  vay  that  It  becomes  Cartesian  \rtien  the  stresses  vanish.  That  is, 

(O  -  '>.b  • 

All  Tr”g****nc1  indices  may  then  be  written  in  the  lower  position, 
and  covariant  derivatives  become  ordinary  derivatives.  The 
"displacement  vactors"  6  satisfy  the  conmutation  relation 

[  8  ,  6  Xj^J  -  i  ,  (9.5.U3) 

where  G  ,  #  is  the  propagation  function  formed  from  the  Green*  s 
ah* 

functions  of  equation  (9*5-3^)  which,  in  virtue  of  Eq.  (9*5«**l) 
and  the  conditions  of  uniform  motion,  namely, 

fa,^  0  »  (O  “ 

here  reduces  to 

*  *  i  i  \ 

^0  ^  ab*  ^^acde  ^  db*^e  rc 

It  will  suffice  now  to  restrict  the  discussion  to  the 
case  of  a  uniform  Isotropic  medium.  The  condition  of  \inlformity 
means  that  the  "elastic  moduli"  are  simple  constants, 

independent  of  u,  while  the  condition  of  isotropy  means  that  they 
con  depend  only  on  the  Kronecker  delta.  The  most  general 
e:5)ression  having  the  synnetries  of  is 

W  ■  '.1.  "ca  *  “  "S.!  *  'ad  'a.)' 


0  , 

■  'af  •  ‘5.5.45) 
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where 


15  • 

X  is  the  Ti*«ne  consteuit  and  is  the  shear  modulus.  Equation 
(9.5.45)  therefore  hecooes 

-  Pq  °^b*,ca  °*abScc  “  "  '  (9.5.**7) 

which  can  be  solved  by  tha  standard  methods  of  field  theory.  Thus, 
introducing  dyadic  notation  and  making  use  of  the  Fourier  decompo¬ 
sition  of  the  delta  function,  one  immediately  finds 


4- 

G“ 


(Sn)"**  Jd^k  J'  daj[(e^ 


+  e  e  )  f(k) 


V,  i[k  •  (u  -  u')  -  a){t  -  t*)  ] 
+  e-  e_  g(h)]  e  S 
•“3  "3 


where  are  mutually  orthogonal  unit  vectors  with 

e^  “  Jc/k  ,  k  s  |k|,  and  \rtiere 


(9.5. '+8) 


f(k) 


c 


t 


_  1_  1 
PQ  OQ^-c^^k^ 

* 


B(k) 


Pq  co^-c.^k^  * 


fix  +in)/PQ 


(9.5A9) 

(9.5.50) 


The  contours  in  the  complex  cn-plane  are  shown  in  Fig.  (9"^)" 
The  evaluation  of  the  integrals  is  straightforward,  and  one  finds 


.1 

ITn 


[  i  ^  lu  1-7-1  -  f  lu  -  U'  1  ) 

'•  l)i  -  ] 


,  (9.5.51) 


where  1  is  the  unit  dyadic  and  v'^  Is  an  abbreviation  for  the 
integral  operation  involving,  as  a  kernel,  the  Green's  function 
(4n)"^|u  -  u'l"^  Laplacian  operator.  The  quantities  c^ 
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and  are  identifiable  as  the  transverse  and  longitudinal  sound 
velocities  respectively. 

The  definition  of  the  •’ground  state,"  which  we  may  denote 
by  l0>  ,  is  expressible  in  the  usual  way  in  terms  of  the  positive 
and  negative  frequency  components  of  the  displacement  vector 


l0>  •=  0  , 

& 


(9-5-52) 


*  From  this  it  follows  that  the  mean  value  of  the  product  &x^6x^, 
in  the  ground  state  is  given  by 

6x^.)  .  6x^.>  - 


ab* 


(9.5.53) 


where  ...  is  the  positive  frequency  component  of  the  propa- 

ao* 

gation  function,  the  integral  representation  of  \rtiich  is  identical 

±  nC"^) 

with  (9*5»W)  hut  with  the  contours  C  replaced  hy  the  contour  C 
of  Fig.  (9“^).  Contracting  Eq.  (9*5.53),  differentiating  Tilth 
respect  to  u  and  u'  ,  and  then  setting  u^=u!#  t  =  t’,we 
readily  find,  using  the  integral  representation. 


The  quetrtic  divergence  of  the  final  e3q>ression  represents 
a  breakdown  in  the  continuum  description  of  the  medium.  An 
actTial  elastic  medium  will  be  composed  of  a  large  number  of 
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particles,  all  of  which  may  for  sinrplicity  be  assumed  to  have  the 
same  mass  m.  The  density  is  determined  by  the  mean  interparticle 
separation  i. 


Po 


m  i 


-3 


(9-5.55) 


and  the  continuum  description  becomes  invalid  for  wavelengths 
shorter  thn-r  this  distance.  By  counting  the  number  of  degrees 
of  freedom  in  the  medium  one  sees,  in  fact  that  the  interparticle 
separation  provides  an  effective  cut-off  for  the  integral  (9.5.5‘+). 
For  purposes  of  making  estimates  of  orders  of  magnitude  this 
cut-off  may  be  taken  as 


k  =  ^ 

max  i 


(9-5.56) 


We  then  have 


3  ”  Hie 


(  i 

'  C. 


_1 

2c 


)  5, 


I 


ab 


(9-5-57) 


and  the  condition  that  this  average  be  snail  compared  with  the 
metric  (9- 5-^2)  is  evidently 


I  J:  (  i  )  «  1  .  (9-5-58) 

5  ”  m/  ^  Ct 

This  is  also  essentially  the  condition  for  which  the  quantum 
fluctuations  in  the  positions  of  the  constituent  particles  remain 
small  compared  to  the  interparticle  separation; 


\  a  a' 


(9-5-59) 


Since  the  integral  (9-5-5^)  is  heavily  weighted  toward  the 
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cut-off  end,  it  is  clear  that  Eq.  (9»5*57)  provides  a  good  estimate 
of  the  local  fluctuations  in  the  Lagrangian  metric  even  when  the 
density  and  elastic  moduli  vary  from  place  to  place  in  the  medium, 
provided  only  that  the  variation  is  small  over  a  distance  t 
(which  is  in  any  case  required  for  the  validity  of  the  continuum 
description).  The  estimate  is  also  good  for  media  vrtiich  are  con¬ 
fined  to  limited  regions  of  space  (having  dimensions,  of  course, 
large  compared  to  i).  For  the  behavior  of  the  interior  of  the 
medivim  will  be  relatively  insensitive  to  "edge  effects,"  and  the 
long  wavelength  end  of  the  "phonon"  spectrum  may  be  adequately 
treated  by  the  imposition  of  periodic  boundary  conditions.  This 
fact  is  important  since,  in  the  analysis  of  the  measurability  of 
the  gravitational  field,  it  permits  us  to  limit  the  introduction 
of  physical  coordinate  frames  to  particular  regions  of  interest, 
so  that  all  of  space  will  not  have  to  be  filled  with  an  elastic 
medium. 

In  the  extension  of  the  theory  to  the  relativistic  domain 
the  additional  requirements 


<  1 


<  1 


(9-5.60) 


must  be  inqjosed.  From  this  we  infer 
2 


mi  »  n 


or 


t  »  i>  ^ 

mm 


(9-5.61) 


which  says  that  the  interparticle  separation  must  be  large  com¬ 
pared  to  the  Compton  wavelength  of  the  particles  if  condition 
(9-5.58)  is  to  hold.  It  has  been  emphasized  by  Pauli  (1921) 


00. 


that  the  conditions  (9.5.58)  must  not  be  regarded  as  Inplying  that 
thei\3  is  an  absolute  upper  limit  to  the  values  of  the  elastic 
moduli  which  a  medium  can  possess.  Hie  principle  of  relativity 
can  say  nothing  about  the  possible  strengths  of  interparticle 
forces.  It  can  only  say  that  if  the  static  moduli  becrane  too 
large  then  the  above  phenomenological  description  of  the  medium- 
in-motion  must  break  down.  A  dispersion  of  elastic  waves  must 
occur,  and  the  group  velocities  will  satisfy  the  conditions 

(9.5.60). 

The  conditions  (9.5.60)  and  (9.5.61)  have  an  iinportant 
consequence  for  the  magnitude  of  the  contribution  which  the 
zero  point  fluctuations  make  to  the  total  energy  density  of  the 
medium.  This  contribution  is  easily  calculated  from  the  usual 
sum  over  elementary  oscillators: 

(2n)-3  f  2  (  +  c  k)  d^k  -  (2c^  +  c^) 

max 

<3  “  Pq  ^  (9.5.62) 

It  is  seen  to  be  negligible  compared  to  the  rest  energy  of  the 
mediiun. 

The  formsil  mathematics  required  to  place  the  theory  of  the 
elastic  medium  in  the  context  of  special  relativity  has  been  de¬ 
veloped  by  Herglotz  (I9II).  Its  extension  to  general  Riemannian 
space-times  with  fixed  metric  is  straightforward.  We  retain  the 
labels  u^  for  the  constituent  particles  but  now  describe  their 
motion  in  terms  of  world  lines  given  by  a  set  of  four  functions 
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(t,  y.),  ^ere  t  la  an  arbitrary  pcurajaeter.^^  The  symbols 
refer  to  a  oonipletely  arbitrary  set  of  curvilinear  coordinates  in 
space-time.  Caanas  vill  denote  ordinary  differentiation  and  dots 
covariant  differentiation  with  respect  to  the  space-time  metric 
g**''.  Differentiation  with  respect  to  the  parameter  t  will  be 
denoted  by  an  overhead  dot  and  will  be  performed  only  on  quan¬ 
tities  which  are  regarded  as  functions  of  t  and  u. 

The  Lagrangian  metric  which  determines  the  internal 
energy  density  must  now  be  determined  through  strictly  local 
considerations.  For  this  purpose  it  is  convenient  to  introduce 
the  unit  velocity  field 

1 

iz  (-i^)  2  ^  ^  ^  (9.5*63) 

together  with  three  other  unit  vector  fields  n^*^,  i  =  1,  2,  3, 
satisfying 

-  0  >  ^ 

and  hence 

n^^^  nj  .  ^  ^  ^  ^  (9*5*65) 

The  vectors  n^^^  define  a  three  dimensional  local  Cartesian  rest 
frame  at  each  point  in  the  medium.  A  displacement  bx^  with 
respect  to  this  frame  corresponds  to  a  displacement  of  the  co¬ 
ordinates  of  amount 

bi^  =  n^^  6x^  ,  (9*5*66) 
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and  to  dieplaceoents  of  the  t,  by  amounts  &t,  6u^  satisfying 

6t  +  6u^  ,  6t  -  (-X®)  x^,^  6u“^  (9*5«67) 


vhencc 


Bx^ 

•  n.  xf^  Bu^  , 
ip  >a  * 

(9.5.68) 

BXj^  Bx^ 

"  >ab  ' 

(9*5.69) 

^ab 

-  P  ^  x^  ^  . 
uv  »a  #b 

(9.5.70) 

Although  the  Lagrangian  metric 

defined  in  this  way  describes 

the 

local  deformation  of  the  medium  as  viewed  in  the  instantaneous 
rest  frame,  it  will  not  generally  be  the  metric  of  any  actual 
hyperctirf ace .  Since  the  quantity  does  not 

vanish  the  displacement  6x^  will  usually  involve  a  displacement 
in  the  parameter  t  [see  Eq.  (9»5*67)  1* 

The  rest-densities  of  mass  and  internal  energy  in  the 
Leigraugian  system  are  assumed  to  be  the  same  functions  and 
Wq,  as  before.  The  corresponding  densities  in  the  local  Car¬ 
tesian  frame  are  obtained  through  multiplication  by  the  inverse 
of  the  determinant  of  the  transformation  coefficients  • 

This  determinant  is  evidently  equal  to  the  square  root  of  the 
determinant 

7  s  det  (7^^)  (9.5.71) 
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9 


(9-5*72) 


of  the  Lagrungian  metric*  Making  use  of  the  identity 
1 


17 


Vv<rr'^  =  8  ^  «ijlc  '^iv  “jff  ’^kt  * 


8  = 


det 


rtiere  c  and  €  are  respectively  the  three  and  four  dimem- 
sional  antisymmetric  permutation  symbols,  one  easily  finds  that 
the  determinant  of  the  transformation  coefficients  may  also  be 
expressed  in  the  form 


1 

2 


2  ,  .,2v^S(x) 

8  t-'  >  S®j) 


{9*5-73) 


To  obtain  densities  in  the  general  coordinate  frame  a  further 
multiplication  must  be  performed  by  the  determinant  of  the  co¬ 
efficients  of  the  transformation  from  the  local  lorentz  frame, 
defined  by  combining  the  n^^^*  with  ,  to  the  Ijcal  mesh  formed 
by  the  .  This  latter  determinant  is  Just  g^.  Therefore  the 
relation  between  a  rest  density  f^  in  the  Lagrangian  system  and 
the  corresponding  "proper  density"  f  in  the  general  coordinate 


frame  is  given  by 


1  1 
.2  "2 


f  =  6  7 


2  2  5(t,  v) 

(-X  )  dix)  f. 


(9-5-74) 


The  internal  stress  density  may  likewise  be  defined  in 


the  various  reference  systems.  We  have 
1 
t. 


2  u  V  .  ab  ■ 

n.  XT  _  n, 


''ij  ~  ^  “ip  ^  *a  “jv  *  ab  ^  ' 

1  1 
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d 


\rtiere  is  given  by  Eq,.  {9.5.9)  as  before.  Similarly  we  define 
1 

cUVTT  ^  (_j2)2  ^o-tcd^  (9.5*76) 


We  note  that 


t'^''  V  -  0  V  =  O  .  (9*5*77) 

V  '  T 

Conservation  of  mass  (in  this  case  rest-mass)  is  again 
expressed  by  Eq.  (9.5*2).  It  is  easily  verified  that  in  the 
general  coordinate  frame  this  becomes 


(9*5*7S) 


The  fora  of  the  action  functional  for  the  relativistic 
meoium  is  sugges^ea  oy  our  previous  experience  with  the  relati¬ 
vistic  clock.  In  place  of  the  mass  m  in  Eq.  (9****2  )  we  put  the 
total  rest  energy  J' (Pq  +  w^)  d^u.  Thus 

s  =  -  Jdt  |d3u  (Pq  +  WQ)(.i2)2  .  (9*5*79) 


in  varying  this  functions^  in  order  to  obtain  the  d>T-aiaical 
equations  it  is  important  to  remember  that  the  metric  tensor  appear¬ 
ing  in  the  quantity  x^^  x''  and  elsewhere  is  ein  explicit 

function  of  the  x^  .  Under  on  infinitesimal  variation  6x^  in  the 
functions  x*^(t,  u)  one  readily  finds 


6(-x2)2 

6v^ 


-  (-x2)2v*^  v''  6x^.^  ^  (9.5.80) 

v*^  v''  v*^  6x^.0-  +  »  (9*5*81) 
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(9.5.82) 


Bw- 


_v 

p  ^ 


»a 


•  V 


and  hence 


6S  .  / 

(9.5.83) 

=  (p  +  w)  v*^  v'^  +  t^'*  . 

(9.5.84) 

The  stationary  action  principle  &S  “  0  therefore 

dynamical  equations 

leads  to  the 

• 

o 

u 

> 

• 

> 

(9.5.85) 

which,  when  conhined  with  the  mass  conservation  law  (9.5.78), 
may  be  re-ejqiressed  in  the  form 

v'^  =  P  ^ 

.  V 

> 

(9.5.86) 

.  V 

P 

(9.5.87) 

t^^''  =  w  v^"  v''  + 

(9.5.88) 

The  quantities  and  may  be  regaraed  as  the  world  force 
density  and  the  internal  Btrees-energy  density  respectively.  V7e 
note  that  the  condition  v^  =  -1  requires  “  O  and 

hence 

V  =  0  ,  (9.5.89) 

which'  also  follows  directly  from  Eqs.  (9.5.8?)  and  (9.5.88) 
together  with  the  readily  verified  identity 

(wv^).^^  =  "^^''Vv  .  (9.5.90) 
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The  qiiantlty  T**'^i8  the  total  stress-energy  density  and  is  identical 
with  the  quantity  defined  by  Eq.  (9*5 •52)*  follows  at  once 

ftfoa  the  easily  cooqmted  derivatives 

1 

a(-i®)/a  S.V  *  -  I  '  (9.5.91) 

■  -  I *",1.  ** 

We  postpone  discussion  of  the  propagation  of  small 
disturbances  in  the  relativistic  elastic  medium  to  the  following 
section,  in  which  the  theory  of  green*  s  functions  and  Poisson 
brackets  is  developed  for  the  more  general  system  involving  a 
dynamical  gravitational  field  and  a  framework  of  clocks  in 
Interaction  with  the  medium. 
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Cr''*ecn**  function!  for  Fermi  syateaB. 

In  addition  to  the  real  dynamical  variables  of  Sections  2  and.  3,  we 

introduce  Hermitian  variablea  ♦iv  satisfying  Fermi  statistics.  In  the  semi- 
®  1  i 

classical  approximation  the  ijrw  comnute  with  the  <>  but  anticonmute  among 
themselves.  The  same  conventions  as  la  the  text  will  be  adopted  for  associating 
indices  with  the  point  labels  x  and  z  .  Indices  associated  with  the  aati- 
commiting  variables,  however,  will  be  identified  by  the  use  of  boldface  type. 

Since  the  anticommute  they  must  be  contained  either  linearly  or  in 

conpletely  antisymmetric  combinations  in  all  dynamical  quantities.  Therefore 
boldface  indices  induced  by  repeated  variational  differentiation  with  respect  to 
the  ^1^  will  anticommute  among  themselves  while  commuting  with  any  ligsht  face 
indices  induced  by  variational  differentiation  with  respect  to  the  0^  .  Such 
indices  will  be  written  in  the  order  in  \rtiich  the  variational  differentiations 
are  performed,  and  the  type  of  derivative  involved  will  always  be  the  so-called 
"right”  derivative.  Ttius  the  variation  in  a  physical  observable  A  due  to 
variations  60^  ,  in  the  dynamical  variables  is  given  by 

8A  »  +  A^j^8ti^d*^x  «=  ,  (A.l) 

the  variations  80^  ,  8^w  being  assumed  to  have  the  same  coumutation  properties 

as  the  dynamical  vsiriables  themselves. 

In  the  present  case  a  dynamical  quantity  may  be  a  group  invariant  without 
being  a  physical  observable.  A  physical  observable  A  (and  also  the  action 
functional  S)  must  not  only  be  a  group  invariant  but  must  also  be  composed  out 
of  combinations  of  the  of  even  degree  only.  If  it  is  also  real  (Hermitian), 

then  its  variational  derivatives  of  order  1,  2,  6,  9,  13,  etc.  with  respect 

to  the  will  be  imaginary  (anti- Hermitian)  while  its  variational  derivatives 


♦ 


I  -  i 


o 


ot  order  J,  U,  7,  0,  11,  12,  etc.  will  Toe  real  (HenBitian).  Furthermore, 
regardleas  of  its  reality.  It  a  vearlatlonal  derivatives  of  even  order  with 
respect  to  the  will  coinnute  with  everything  \rtille  its  variational  deriva¬ 
tives  of  odd  order  will  antlcouBiiute  among  themselves.  Reflecting  this  latter 
rule  the  formalism  "below  will  "be  set  up  in  such  a  way  that  quantities  "bearing 
an  even  nvnntier  of  "boldface  Indices  will  always  comnute  with  everything  vrtille 
those  bearing  an  odd  number  will  always  anticommute  among  themselves.  The 
symmetry  and  reality  properties  of  the  two  kinds  of  indices  will  not,  however, 
generally  follow  the  pattern  vrtiich  holds  for  covariant  differentiation. 

In  the  following  we  simply  rewrite  the  pertinent  equations  of 

Sections  2  3  in  the  modified  forms  necessary  to  account  for  the  new  variables 

,  commenting  upon  them  only  when  points  of  clarification  are  needed.  There 
are  now  two  sets  of  dynamical  equations 


and 


S  .  »  0  . 


(A.  2) 


The  infinitesimal  group  transformation  law  (9*2.2)  "becomes 


(A.5) 


BSJ* 


d  X* 


(A.  4) 
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Equation  (9.2-U)  remains  unchanged.  The  quantities  R  R*^  ,  ^  A^J*  *  * 

Ri-  are  real  while  the  quantity  R^^  ,  is  imaginary.  The  product  of  the 

latter  with  R^^gi  is,  however,  real,  since  it  may  be  written  in  the  form 


(A. 5) 


In  these  and  all  future  equations  the  order  of  factors  must  be  taken  into  account. 

It  will  be  noted  that  the  group  parameters  6|^  are  here  assumed  to  be  real 

numbers  which  commute  with  everything. 

The  condition  (9.2.5)  for  SSroup  invariance  beccanes 


i  ^^A  ^»i  “  0  .  (A. 6) 

In  virtue  of  the  law 

(X  u)  A  =  -  X  .u  +  XU  .  ,  (a.7) 

for  functionals  U  of  odd  degree  in  the  ti-,  we  obtain,  on  taking  the  vari¬ 
ational  derivative  of  Eq.  (A.6)  and  remembering  the  symmetry  properties  for  the 


induced  indices. 


which,  when  applied  to  the  action  functional  S  ,  yields  the  relation  demonstra¬ 


ting  the  group  invariance  of  the  dynamical  equations; 

*The  possibility  of  anticomrautlng  group  parameters  also  exists,  but  since  it  has 
no  apparent  physical  interest  we  do  not  consider  it.  It  is  encountered,  for  ex- 
anmle,  in  the  gauge  groups  of  massless  fields  having  spins  5/2,  7/2,  9/2,  etc. 
Since  these  groups  are  Abelian  the  structure  constants  vanish.  The  general  non- 
Abelian  case  would  involve  anticonmuting  structure  constants. 
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“,i  \  C  k  (  k  I 

V  ^  ^  ^ 


.  f  .  -■•^A.l  \/V  \  * 


'A,i  /  \  “O’ 

Mf/  *. 


(A.9) 


The  minus  sign  on  -  results  from  an  Interchange  of  anticonmuting  factors. 

VJhen  the  dynamical  equations  are  satisfied  we  have 


=,14* 


^Ich  shows  that  the  solutions  of  the  equation 


(A.  10) 


\*  -  -  € 


(A. 11) 


fop  the  variations  induced  by  the  change  S  -»  S  +  cA  in  the  action  are  not  well 

defined  but  are  determined  only  vrp  to  a  group  transformation  (A.^).  To  render  the 

solutions  \mique  we  Introduce  two  sets  of  real  functions  and  two  sets 

A 

of  imaginary  functions  such  that  the  continuous  matrices 


■'ij-  ’’ij' 


®>1J’ 

<<✓ 


®,lj' 

^  NtM 


’’iS'A  ^\'A 


f  B'  » 

J  (r'aPi®' -  tAiPi'' )  A  , 


d  z  ,  (A. 12) 


(A.13) 


(A. 14) 


are  all  nonsingular  wave  operators.  Use  of  the  Green's  functions  for  the  first 
of  these  wave  operators  yields  solutions  of  Eq.  (A.U)  satisfying  the 


1  -  iv 


supplementary  condition 


*  Va**^^*-  •  °  ■ 

^  M/ 

ij-  >  'ab'  ■  '■a®'  .  V,’  ’  !k 


we  note  that  F..,  ,  F^,  ,  F^  are  real  while  F^ 

ii  J  *  ±1  j  *  ti  J  *  ^ 

inary-  Correspondingly,  G  ,  G  ,  G«a  ,  G 

while  G^’i^  is  imaginary. 


(A.15) 


are  imag- 


must  he  real 


The  defining  equations  for  the  Green’s  functions  of  the  wave  operator 


(A-I2)  are 


,‘i  ^ik"  ^ik=' 

/•  'W 


^G^"A’  G^"i’ 


^Ik"/ 


(A..l6a) 


O  ,  B 


^±ik"  ^±ik"\  /„ 

G  G  /V  \  /F^,, 


k"J*  k"j’  \  1, 

'W  \a'^v'' 


.:ttk"  .tilt"'  „ 

G^  G  ^  ^  Fj^hj, 


hi"  > 
^  / 


‘j-’ 


(A.l6h) 


We  do  not  repeat  the  proof  that  one  of  these  equations  follows  from  the  other. 

It  carries  through  Just  as  in  the  text  in  spite  of  the  presence  of  anticommuting 
quantities,  provided  the  factors  are  placed  in  the  order  indicated.  Again  a 
Hwgens*  principle  can  he  set  up  for  solutions  of  the  homogeneous 

equation  defined  hy  the  wave  operator,  namely 

Ta.  r.4  „  a  j"a 


mhj  ^ 


"  “  iow;  oi£l  U’r. 

'  A*' 


where  G  s  G^  -  g”  for  all  G’s  and  where 


I-v 


f 

J 


j.j-  *1^’) 


"ij* 

Jd^JaV^  (♦/* 


t^/ 


functions  4^^  ,  <S>^ ,  etc.  may  here  be  of  either  the  commuting  or  anticom¬ 

muting  type. 

Eauations  (9.3cl7)  through  (9^3-31)  of  the  temt  are  replaced  respectively  by 


-  i-u'  ^uj  \  \  A. 


Ki\ 


I'iJ’ 

'  tt'h>  /  ' 


d  X*  =  -€  1 

V,i  / 

w 


(A.19) 


A,j’  \ 


\  I 


d  X 


\\j«  / 

6g^  =  J  d‘^x  Jd\*  » 


(A.  33) 


(A. 31) 


V  ^j’i 

lA/  fM  ^ 


,tij* 


,±ij’  \ 

'  ). 


J  d\  Jd^z^  Fa^'<<\b‘  S»*  I 

\g^J‘  G^^/ 


(QiQ.  QiB.)  (A.  22) 


-(rJ*.  -R^l.)  ,  (A.23) 
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+J*i  \ 


-G^i 


^+J'i  G+J*i 
l-G  <*»  -G  /w 


J 


/dV'/d^/d 


^  "‘b-Va  ^  ' 


^B*Sc"A  ^B*Sc"A 


,-±ik“  -iik" 
/G  G  ^ 


,±ik"  ^tik’ 


,J‘ 


/W 


B*S["A 


y 


B**^k‘A 

J* 


/ 


,+B*A 


/^  G  AA^  /  \  R  Bi\t.^  R^  B*Si"A 


(A.32) 


8a*B  -  63^ 


iJdK  Jd\« 


-±ij 
\G  G 


,?J‘l  ^♦J'l 


=  € 


J6.K  Jd\«  (B,^  B^^) 

\J  yJ  A/iy 


l_±i.y  ,.±ij*\  /^Tj'i 


G'^i!  /  Ug 
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'J* 


sj* 

Am 


(A. 34) 


Since  the  reciprocity  theorem  holds,  a  canonical  transformation  group  may  again 
be  introduced  in  order  to  show  that  the  Poisson  brackets  satisfy  all  the  usual 


I-vili 


laentltle..  M.  note  tlmt  the  poleeoo«eoetetw,he  Witten  In  the  lom 

U,y\ 

(A,  B)  -  /A/dV  (A.i  A,^)  ,  I 


o‘'>’  a^£  1  /b,j. 


G^*  . 


(A.  35) 


A  O  A  p  A  Q  Q  niay  usually  Ise  chosen  in  practice  in 
The  functions  Pe  #  »  '^A  *  ^A 

^  aCa  '*»' 

such  a  way  that 


”  ®’j*i  * 

^ij* 

*  ^j*i  ' 

circumstance 

- 

- 

-oJ*" 

0 

1 

-gU’"  , 

oU*  * 

G^i!  ■ 

afcV  ^  p 

gu:  - 

‘  ^J*i 

/i*V  »'*'>• 


(A.  36) 


(A. 37) 


and,  in  passing  to  the  rigorous  quantum  theory,  the  commutator 
i(A,  B)  3.  [A,  B]  .  /(A,i  A  )  r  * 


./A/d-x-  (A  .  A^)  I 


\  B]  / 

'[oS  -[♦S  t^]\/B,j, 


(A. 38) 


nay  then  be  ccmgnited  aB_«  satisfied  the  comnutation  relations* 


*  The  curly  brackets  denote  the  anticcmnutator. 
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Beyond  this  point  we  encounter  problems  of  operator  consistency  which  require 
a  separate  investigation.  We  note^  however,  that  the  propagation  functions  on 
the  right  of  Eq.  (A.  39)  possess  the  reality  and  symmetry  prqferties  demanded  by 
the  cooamtators  or  anticonanutators  on  the  left. 


O 
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(9.6)  The  l^te^act^nn  nf  the  gravitational  field  with  a  stiff  elas^ 
medium  carrying  a  framework  of  clocka. 

We  have  now  reached  the  point  in  our  discussion  at  which  the  gravita¬ 
tional  field  may  be  introduced  as  a  dynamical  entity.  It  may  seem  un¬ 
usual  that  a  study  devoted  to  the  luantization  of  the  geometry  of  space- 
time  should  devote  so  much  preliminary  attention  to  the  quantization  of 
physical  systems  which  occupy  space-time.  As  has  been  pointed  out  in 
the  introduction,  however,  it  is  only  by  measurements  performed  with 
the  aid  of  such  systems  that  a  meaning  can  be  given  to  "space-time 
geometry"  in  the  first  place.  Furthermore,  the  general  theory  of  measure- 
ment  (in  which  such  systems  play  an  essential  role)  and  its  mathematical 
analysis  through  the  theory  of  Green's  functions,  which  is  basic  to  the 
covariant  approach,  had  also  to  be  developed  first,  in  Sections  2  and  3- 
We  now  put  every  thing  together  into  a  combined  system.  The  consti¬ 
tuent  particles  of  the  elastic  medium  will  themselves  be  taken  as  rela- 
tlvlstic  clocks  having  rest  masses  m  depending  on  action  variables  J. 
We  may  speak  of  an  angle-and-actlon-variable  field,  0,  J,  which  is,  in 
effect,  a  conceptual  idealization  of  an  actual  clock  framework.  The 
masses  m  may  have  an  explicit  dependence  on  u  as  well  as  on  J. 

The  rest  mass  density  will  be  given  by 


vhere  n^  is  the  particle  numoer  density  in  the  lagrangian  system,  which 
may  itself  depend  on  u  .  Conservation  of  particle  number  may  be  expressed 

in  either  of  the  forms 

i  -  0  ,  °  •  (9-6.2) 
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Conservation  of  rest  mass  will  follow  in  the  present  case  as  a  consequence 
of  the  dynamical  equations  [see  Eq.  (9»6»1^)  ]. 

Since  the  metric  coogponents  are  now  dynamical  variables,  subject 
to  their  own  independent  variations  as  functions  of  the  space-time  coordi¬ 
nates  ,  it  lieccanes  in5>ortant  to  make  a  clear  distinction  between  the 

as  point  labels  and  the  functions  x?^(t,  u^  which  describe  the  world 
lines  of  the  constituent  part  ides- -■a  distAaction  which  was  unnecessary 
as  long  as  the  metric  remained  fixed,  as  in  the  preceding  section.  To 
assist  in  making  this  distinction  we  shall  replace  the  symbols  x!^(t, 
for  the  world-line  functions  by  the  symbols  z*^(t,  u),  a  =  0,  1,  2,  3* 
Furthermore,  it  will  often  be  found  convenient  to  regard  the  qunatities 
appearing  in  a  given  covaricuat  expression  sometimes  as  functions  of  the 
z’a  (and  hence  of  t  and  _u.  )  and  sometimes  as  functions  of  the  x's. 
Tensor  quantities  regarded  as  functions  of  the  z's  will  be  written 
with  Greek  indices  taken  from  the  first  part  of  the  alphabet,  vrtxile  the 
same  quantities  regarded  as  functions  of  the  x*b  will  be  written  with 
Greek  indices  taken  from  the  middle  of  the  alphabet.  The  z-  or  x- 
dependence  of  quantities  besiring  no  indices  will  generally  be  clear  from 
the  context.  Since  the  z's,  but  not  the  x's,  are  dynamical  variables 
the  relation  between  the  two  types  of  quantities  is  not  symmetric.  Thus 
for  a  vector  we  have 


=  6“  f  6(z,  x)  A^  d'^x  , 

\J 


(9-6.3) 

(9-6.4) 
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and  are 


a 

from  which  it  follows  that  dynamical  variations  in  A 
related  ty 

6A*^  ■  x)  5A^  d^x  +  A^'^p  Bz^  ,  (9*6.5) 

It  is  also  to  be  noted  that  although  variation  and  differentiation  with 
respect  to  x,  t,  or  ju  commute,  variation  and  differentiation  with 
respect  to  z  do  not.  Thus  we  have 


6(A«p)  =  B(A“t,p  .  A«y,p) 

“  (Sa“),p  -  +  a“  (Bz^'t^p  +  &z’',^u^^p) 

=  (6A«),p  -  A«  ^Bz^,p  . 


(9*6.7) 


Equations  (9*6.3)  through  (9*6.?)  hold  unchanged  in  form,  except  for  the 
number  of  indices,  for  all  tensors  and  tensor  densities. 

The  action  functional  for  the  combined  system  may  be  taken  in  the 

form 

1  1 

S  s  Jdt  Jd^u  [n^J  §  -  (n^  +  Wp)  (-z^)^)  -  Jg^  d^x  ,  (9*6.8) 


where  R  is  the  Riemann  scalar.  The  dynamical  equations  are 

1 

PiR  .«  .  .O 

0  = 


as  _ 
6j  = 

np[0  -  a)(-z^)^3 

= 

8(z) 

u) 

III 

m 

1 

p 

III 

z) 

nj  v“ 

*a 

III 

lOl  (O 

8(z) 
8(t,  u) 

T  ^ 
a  *p 

as 

iiMv 

2 

(9*6.9) 

(9.6.10) 


0 
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(9.6.11) 

(9.6.12) 


where 


6^  (I^''  -  2  R)  . 


(9-6.13) 


in  the  covariant  forms  of  Eqs.  (9-6.9)  and  (9-6.10)  e  and  J  are  to  be 
understood  as  scaler  fields.  From  the  latter  eq^iation  it  follows  that 

i  »  0  ,  (9-6.14) 

and  hence  the  rest  mass  conservation  law  (9.5-78)  holds. 

The  action  (9.6.8)  possesses  two  independent  infinite  dimensional 
invariance  groups:  the  general  coordinate  transformation  group  and  the 
group  of  transformations  of  the  parameter  t  .  Under  the  infinitesimal 
transformations  =  xl"  -  65.1^  ,  t‘  =  t  -  &t,  the  dynamical  variables 

suffer  the  changes 


6J 


J  6t  =  0  , 


80  =  0  6t  »  oK-z®)^  &t  , 


Bz”  =  z^Bt  _  , 


(9-6.15) 


which  lead  to  the  following  characterization  of  an  invariant  A  : 

e”"  I®  *  =  Ubi *  °  • 

The  quantity  BA  /Bg^^  is  here  to  be  understood  as  obtained  by  first 
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coOTiJUtin^  the  vuriational  derivative  5A/6g^^  and  then  transforming  from 

the  x’s  to  the  z’s  via  Eq,.  (9-6-3)* 

In  order  to  obtain  the  equations  satisfied  b:'  small  disturbances 
a  number  of  somevhat  dtombersome  variational  computations  must  first  he 
carried  out.  An  outline  of  the  principal  steps  involved  is  given  in 
Appendix  B  at  the  end  of  the  chapter.  The  results,  for  variations  B±J, 
6*0,  6"z“,  change  S  -►  S  +  eA  in  the  action, 

are 


+  v“b*0.„  -  ^  &*J  ) 


BA 

“  -  ^  5j  ^ 


a(z) 


t  -7 's  a  ±  6A 

^  n  V  6*  J.«  =  -  e  gg  ^ 


^  -  (t  (P-^W)  v/v^v  .  2v„v’'t 


3(2 


(;.  5.1'i) 
(9.6.19) 


.  .  v'vV  -  'a"’*'  'V 


6A 


Oi 


(9.6.20) 


i  g2  (g^e”^  -  I  V)  e^’‘('>V-0X  *  -  ®%x-pp> 

.  I  ^  .  g’V''  -  2  -  28"r'*"  +  -  \ 

.  .  I  *  i  *  i  [(p.»)  v>*vW 

.  2  .  2  vW  -  .’■yV’  -  v’vV''  - 

1  4.  SA  (9-6.21) 

+  I  now^" v''6-J  *  -  €  g_  , 

“Vv 

where  s*  and  s'  are  the  advanced  and  retarded  forms  of  the  invariant 
op  op 


strain  tensor. 


=  ±(8z  +  Bz„  +  BeUo)  • 

2'  0!-p  P’Ct  ^2P 


"op  2' 


(9.6.22) 


* 
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I-me  quantity,  is  here  related  to  the  primary  variation 

in  the  sense  of  Eq.  (9.6.3),  not  Eq.  (9-6.5).]  -niiB  ii.5>ortant  tensor 
will  be  seen  to  play  a  rather  ubiquitous  role  in  the  theory.^  From 
Eqs.  (9-6.15)  it  is  apparent  that  variations  produced  by  an  infinitesimal 
coordinate  transformation  make  no  contribution  to  it.  One  may  easily 
show  that  the  strain  tensor  in  the  Lagrangian  system  [cf.  Eqs.  (9-5.37) 
and  (9.5.38)]  is  obtained  by  projecting  the  invariant  strain  tensor  into 
the  local  3- spaces  perpendicular  to  the  world  lines  of  the  constituent 
particles: 


^^ab 


pa  ^ 
7 


7  ^ 

6®  ^a'^  ^b®0^ 


(9-6.23) 


In  order  to  solve  the  equations  for  the  small  disturbances  i-t  is 
necessary  to  in3>ose  supplementary  conditions.  The  following  conditions 

are  convenient : 


op 


(9.6.24) 

(9-6.25) 


If  these  conditions  are  not  already  satisfied  they  can  be  imposed  by  first 
carrying  out  coordinate  and  parameter  transformations  (9. 6.15)  for  which 


8t 

5x^ 


<e' 


(9.6.26) 


v't* 


1  „v'o-  T»p*^s,±, 


2® 


)&  B^Jpl  .g.»  ^  f 

(9-6.27) 


T^ere  the  G  ^  ,  are  the  Green's  functions  satisfying  the  equation 


v'.ar"  ® 


iff 

a  (5?  v' 


(Ti 


-6  v* 


(9-6.28) 
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When  the  supplementary  conditions  hol^  the  equations  for  the  small  dis¬ 
turbances  may  be  solved  with  the  aid  of  Green's  functious  satisfying 
the  equations 


G±e" 

°  0* 

±e"7'  f.±e" 

G  G 

'fj* 

5"0i 

+  -v  ^  + 

6(2i;z')  0 


\ 


6. 


a 

0  &' 


0 

.op 


y»&'  / 


,  (9*6*29) 


where 


20 


JG' 


OJ' 


^ae' 


-  ncau^aj)  6(z,  Z*)  ,  (9-6-30) 

-  %j.  =  ^  »  (9.6.31) 

-  [ncw^v^  6{z,  z»)].p  =  -  iinvP[v^6(z,  zi)].^  ^  (9.6.32) 

+  v^v^'t  +  v^v^t  -  V  v^t’'®  -  v’'v®t  ^ 
a  a  a  a 

”  *^a  ^  ,  (9.6.33) 
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o 


F  2  '  00  *7  ( 


07 


e’t‘ 


•a' 


-  i  1(2  vyte“»  a  .  v’'v\? 


.„er»,6  «’E’. 

°a  ^  rS  ^-0  , 


=  i  IIDV°^V^  8(2,  2*)  , 


-  i  -  i  -  I 


€•  *7 


.  +  i  (vVtB®  ♦  vVie'  +  .  vPv^^’’  -  v^vPt’® 

.  6^.  .5  , 

1 


78 


•Tie 
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(9*6.34) 

(9.6.35) 


(9.6.36) 


.  I  s^Cs'^r'^  ■>  b’*r“®  -  e“’'R^*  -  *  e“'/°R 

-  I  b'^s’^R)^*'^'  +  I  (2  vVtS®  ^ 


(9.6.37) 


and  where 


"  ®o^  *  (9.6.36) 

=  I  ^  (9.6.39) 

Delta  functions  of  z  euid  z*  ,  rather  than  t,  u  and  t',  u*  ,  are 
used  here  in  order  to  absorb  the  Jaoobians  which  appear  in  Eqs.  (9.6.18) 
(9.6.19),  (9.6.20).  The  proof  that  the  solutions  obtained  with  the 
Green’s  functions  of  Eq^.  (9.6.99)  actually  satisfy  the  supplementary 
conditions  (9.6.24),  (9.6.25)  i®  outlined  in  i^pendlx  B. 
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It  may  be  Inferred  limedlately  from  Eq.  (9*6.29)  that  the  functions 


J  °V*  '  »  ^"07*6*  '  ^  J*  *  eP» 

The  Poisson  bracket  of  two  invariants  therefore  takes  the  form 


G* 

°  J*  *  £ 


y  vanish. 


r  r  ^  r  .  r  3  .  /8A  BA  BA  b{z) 
(A,  B)  -  <Sj  ,  B0  ,  ^ 


6A  \ 


(9.6. >*o) 


where  the  G*s  are  the  propagaUon  functions  formed  from  the  G"‘3  . 

The  transition  to  the  proper  time,  which  is  the  first  step  in  the 
process  of  passing  completely  to  the  intrinsic  coordinate  system  provided 
by  the  elastic  medium  and  its  framework  (or  "field")  of  clocks,  is  carried 
out  in  just  the  same  way  as  was  donj  for  the  relativistic  cljck  in  Section 
4.  Equation  (9.4.43),  with  (-x^)^  now  replaced  by  (-z^)^  ,  is  again 
used  to  define  quantities  taken  with  a  definite  numerical  value  of  the 
intrinsic  proper  time  ocT^g.  Equations  (9.4.44)  and  (9*4.45)  suffer  only 


slight  modification,  now  taking  the  forms 

=  (v“f,^)^  , 

=  (6*f)^  +  (v^f,^)^  <ir^[-(B*G)^  +  T(duv'^)(B*j) J 

'  T* 


f9*6.4l) 


(9.4J+2) 


The  Poisson  bracket  of  two  invariants,  A  and  B  ,  regarded  as  ejqplicit 
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It  may  "toe  inferred  Immediately  from  Eq.  (9* 6*29)  that  the  functions 

°  0  »  ^  e7*&'  *  J*  ' 

The  Poisson  bracket  of  two  invariants  therefore  takes  the  form 


+  „±  7*  p± 

JJ«  5  ^  J  *  ^  J7*6*  * 


,±  7* 

0  * 


Got.  G 


O  G, 


3u  Tdf 

«»J  « 

•  SA  BA  BA  d(z)  6A  ^ 

,  Be  ,  ^ 

G  . 

0 

/  bb/bj*  \ 

J©* 

\ 

/  \ 

G  , 

0 

0  \  1 

B^Be* 

00* 

\ 

f  1 

^  0* 

^07* 

°%tB*  j 

BB/Bz’'* 

G 

Op 

%7‘B'/ 

d(z')  6B  , 

(9.6. to) 


where  the  G*s  are  the  propagation  functions  formed  from  the  G-'s  . 

The  transition  to  the  proper  time,  which  is  the  first  step  in  the 
process  of  passing  completely  to  the  intrinsic  coordinate  system  provided 
by  the  elastic  medium  and  its  framework  (or  "field”)  of  clocks,  is  carried 
out  in  just  the  same  way  as  was  donj  for  the  relativistic  cljck  in  Section 
4  .  Equation  (9.‘^.^3),  with  (-i^)^  now  replaced  by  (-z^)^  ,  is  again 
used  to  define  quantities  taken  with  a  definite  numerical  value  of  the 
intrinsic  proper  time  a)"^0.  Equations  (9.4.44)  and  (9.*+.'<^5)  suffer  only 
slight  modification,  now  taking  the  forms 


df^Sx  =  (v^f,^)^  ,  f9.6.4l) 

6=^^  =  (6*f)^  +  (ir^[-(6-0)^  +  T(auv'^)(6*j)  J 

The  Poisson  bracket  of  two  invariants,  A  and  B  ,  regarded  as  e:q)licit 


(9.*+.  to) 
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9 


functionals  of  »  Siv  dropping  the  suhscripts 

(A,  B)  -  ^  ^  > 


\rtiere 


7*  "1 

•  /l\ 


6B/8J* 


6B/8z^ 


■“  V'  -  IsrS^r  /’ 


(9.6»^+3) 


^7*  ,  G“r‘  .  G«  .v> V"  . 


8  e 


-  vV^G^,v’''co"^T'  ^  -  v“uj"^T  ^  Gjgtv’'  cu  (9.6.44) 

The  angle  variahles  have  now  "been  dropped  from  the  theory  and  the  invariance 
condition  (9.6.I6)  no  longer  plays  a  role.  Itoe  condition  (9.6.I7),  on  the 
other  hand,  takes  the  modified  form 


oe  6A  J?)  (^)  ^  =  0  . 

o  Q  ^  Afic  11  )  'fiff  '•ft 


(9.6.45) 


From  Eq.  (9.6.29)  it  may  he  seen  that  the  Green's  functions  G“j^,  , 

±  ± 

^  @0*  satisfy  the  following  equations,  e^ressed  in  terms  of  the 
proper  time; 


je’/^  “  -  5(t  -  T')s(^u;)  , 


(9.6.46) 
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O 


the  matrix  of  this  Poisson  bracket,  and  by  appropriately  sirsplifying  the 
defining  equations  for  the  areen*.s  functions.  For  exuii$>le,  in  the  case 
of  the  pure  gravitational  field  the  Poisson  bracket  reduces  to 


(A,  B)  =  /d‘'xjd‘*x*  , 

where  the  Green’s  functions  satisfy  the  equation 


(9-6.54) 


1  2  /  1  UV  OTv  DOUl 

2  B  is  S  -  2  g  S  )b  (jTK’X’-po) 

1 

1  _2  ^crvT  ±  g^Av 

-  O  e  G  (jtk’X*  °  k’X’ 


(9-6.55) 


and  the  quantities  A  and  B  satisfy  the  invariance  conditions 

(8A/6g^^).^  =  0  ,  (6B/8g|^^).y  =  0  .  (9.6.56 

Since  the  formalism  for  this  case  is  considerable  sinpler  than  that  for 
the  general  case,  it  may  be  argued  that  by  introducing  the  elastic  medium 
with  its  framework  of  clocks  we  are  making  the  analysis  unnecessarily 
complicated,  at  least  insofar  as  the  quantization  of  space-time  geometry 
alone  is  concerned.  It  has  been  pointed  out  in  the  Introduction,  however, 
that  the  theory  of  the  pure  gravitational  field  suffers  from  a  major  defect, 
namely  the  difficulty  of  finding  interesting  invariants,  A  and  B  , 
within  its  framework.  Although  the  simpler  formalism  will  doubtless  find 
application  to  certain  problems,  the  more  general  formalism  is  essential 
for  gaining  insight  into  the  physical  nature  of  the  gravitational  field 
and,  in  particular,  for  the  einalysis  of  the  measurability  problem. 

Another  exanqple,  that  of  the  stressless  medium  in  a  fixed  metric,  can 
also  be  treated  as  a  special  case.  The  Green’s  functions  for  this  example 
happen  to  be  expressible  in  terms  of  rather  simple  geometrical  structures. 


ICX) 


and  since  the  solution  has  some  points  of  interest  a  brief  account  of  it 
is  given  in  Appcndix  C. 

We  now  consider  the  final  step  which  must  be  taken  in  order  to  pass 
con5)letely  to  the  intrinsic  coordinate  system  defined  by  the  local  proper 
time  T  and  the  labels  .  Since  the  quantities  appearing  in  the 

Poisson  bracket  (9.6.53)  are  already  regarded  as  functions  of  t  and 
u  .  our  goal  is  practically  in  sight.  All  that  remains  is  to  introduce 
a  basic  set  of  Invariants  in  terms  of  which  all  physically  meaningful 
quantities  for  the  ccanbined  system  may  be  expressed.  This  can  be  accomplished 
by  taking  any  completely  descriptive  set  of  tensor  quantities  for  the  system 
and  projecting  them  onto  the  intrinsic  coordinates  with  the  aid  of  the 

derivatives  z“  and  which  then  disappear  from  the  theory.  The 

j  a 

simplest  such  set  is  composed  of  just  the  metric  tensor  itself  together 

with  the  action  variable  field  J  . 

In  the  intrinsic  coordinate  system  the  mbtric  tensor  becomes 


H 

1 

H 

H 

III 

O 

o 

(9*6.57) 

(9*6.58) 

2.6  “  ■  ’’.6  -  ' 

(9*6.59) 

which  the  contravariant  form  is 

gloXo)  ,  , 

(9.6.60) 

-  v“  , 

(9.6.61) 

ab  ab 

g  =  7  » 

(9*6.62) 
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\rtiere 


cb 


a  _ 

V  s 


ab . 


(9-6.63) 


the  composition  of  the  medium  is  given,  through  specification  of  the 
explicit  forms  of  the  functions  >^0^^  *  ^ab^  * 

quantities  7^^,  v^,  J  con5>letely  determine  the  dynamical  state  of  the 
gravitational  field  together  with  the  medium  and  its  field  of  clocks, 
insofar  as  this  state  has  observational  meaning  relative  to  the  system 


itself. 

Poisson  brackets  for  the  corntponents  of  the  intrinsic  metric  may  be 
obtained  by  first  computing  its  variations.  One  readily  varifies  that 


®®(0)(0)  ”  ^  ^ 


^(0)a 


2  v*^  s 

>a  op 


(9.6.64) 

(9.6.65) 

(9.6.66) 


Therefore,  using  the  dot  followed  by  a  subscript  (O)  ,  a  ,  or  b,  etc. 
to  denote  covariant  differentiation  with  respect  to  an  intrinsic  coordi¬ 
nate  (and  with  respect  to  the  intrinsic  4-metric),  we  have,  from  Eq. 

(9.6;53), 

^6ab#®c'd'^  ”  *^abc‘d'  *  ^abe’-d’  *  ^abd*-c*  *  ^ac*d*-b  ^  *^bc*d*-a 

+  ^^ac*  ^  V^c'^-bd*  +  ^^ad*  ^  ^aO^d'^-bd* 

^  (Sc*  ^  V^c*>.ad'  ^  ^''bd'  ^  W^-ac*  ^  (9-6.67) 


o 
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(*al,  >  S(OMe'>  ■  °.b(0*)c'  *  ^  “alc--(O')  *  ''«(0>)o-l. 

♦  “b(0')c-.  *  <V0M  *  <°ao'  * 

*  -  V'-ac-  *  <So'  *  ''l,«=->-a(0>)  ' 

t®(0)a  >  «(0>)1.''  *  '=(0)a(0')l.'  *  “(0)a(0')-b'  *  “(Ojab- •  (O')  *  “(0)(0')b-a 

^  '=a(0')b'-(0)  "•  «=(0)(0>)  ♦“>-ab'  *  <°(0)b'  '  “V>-a(0') 

^  (=a(0')  ■  ’'a“>-(0)b'  *  <°ab'  ■*  ’'a“’'b'>-(0)(0' )  ’ 

(s^,J')  a  -  [v.(a(/«)‘H(aj  ,  (9.6.70) 

8LD 

(S(o)a.''''  ■  t(a,<a)-H(^:^)l.a-  V(0)<“0“>''^<S!;^>  > 

(7  ,  7.)  a  0  . 

Since  the  propagation  functions  appearing  in  these  Poisson  brackets  have 
always  previously  been  defined  in  manifestly  covariant  terns,  tney  may  in 
particular  be  computed  directly  in  the  intrinsic  system.  The  whole  theory 

is  thereby  rendered  invariant  and  completely  intrinsic. 

It  will  be  noted  that  Eq.  (9-6.64),  which  was  originally  imposed  as 
a  supplementary  condition,  is  automatically  satisfied  once  the  angle 
variables  have  been  eliminated  from  the  theory  and  the  proper  time  has  been 
introduced.  It  is,  in  fact,  the  condition  which  is  necessary  in  order  that 
the  parameter  t  remain  the  proper  time  under  the  variations  8z  ,  6g^^  . 
The  constancy  of  6(o)(o)  »  expresses,  implies  that  g(o)(o) 

must  have  vanishing  Poiason  bracket  with  everything.  This  is  readily 
verified  with  the  aid  of  Eq.  (B.2l)  and  (B.22)  of  the  Appendix  together  with 

the  evident  relation 

•  (9.6.73) 
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We  have 


^®(O)(0)  * 


and,  similarly, 

^®(0)(0)  » 

Also,  because  of  the 

^®(0)(0)  » 


-  v^v^z’'  ^^,z^  ,h' *  °op7**6*  *  °c^6«*r' 

*  2  Vs-P  *  ® 

*  2  *  W^-P7*^ 

=  2  ,h'  f^°'^^°a7'6'*p  ?  °aB7'6'^ 

+  v“v^(Gj^,.p  +  I  Gc«P*7‘^*B'  ^”^^°a8'-p 

"  I  ^0P6»^-7'  ■ 

=  2  z’'*,ai=^^',b»  ■*■  ^^^6*^*7' 

-  P(Gv^,).5,/St  -  P(GVg,)^.y,/dT] 

=  0  ,  (9.6.74) 

8(0')a»^  '  ^S(o)(o)  ^  6(0’)(0*)^  '  . 

(9.6.75; 

T  Independence  of  n^  and  o)  , 

J')  =  2[(ao“)"^^^ii»  il,'^^-(0)  “  °*  (^.6.76) 
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The  dynamical  behavior  of  the  system  in  the  intrinsic  coordinate 
frame  is  entirely  detemined  by  the  ten  Einstein  equations: 


,(0){0) 


,(0)a 


^ab 


1  Ao){o) 

-  2  T 

1  T,{0)a 

-  2  T 


1 

2 


(9.6.77) 


The  Einstein  tensor-density  on  the  left  is  a  function  of  the  ^ 

and  their  u  and  t  derivatives.  The  stress-energy  density  of  the  medium, 

on  the  right,  however,  is  a  fuiiction  only  of  undifferentiated  variables. 

Explicitly, 


r,(0)(0) 


r,(0)« 


^ab 


+  w,-  +  v„v,  t 
^0  0  a  b 


ab 

V 


ao 


(9.6.78) 


or,  in  covariant  form, 

^(0)(0) 

'^'(O)a 


where 


•■ab 


Pn  + 


«  -  (o«  +  W„)v  , 

'^0  0  a  ' 

=  (d„  +  w„)v  V,  +  t  . 

'^0  0  a  b  ab 


.bd 


(9.6.79) 


^ab  ^ac^bd^ 

From  these  facts  we  may  drmw  the  usual  conclusions  about  the  number  of 
degrees  of  freedom  possessed  by  the  gravitational  field.  The  elastic 


(9.6.80) 
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three  of 
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medium  possesses  four  detjrees  of  freedom  at  each  point  ^  , 

which  are  external  vibrational  ones  while  the  fourth  is  the  internal  one 

associated  with  the  clock.  Ihese  deerees  of  freedom  are  dynamically 

described  by  the  mcHnentum-energy  conservation  law,  \rtxich  here  becomes  a 

necessary  consequence  of  the  four  contracted  Bianchi  identities.  Tliis 

law,  however,  is  only  of  the  first  differential  order  in  the  variables 

■y  V  J.  Moreover-  fovir  of  these  variables  may  be  expressed  in 
'ab  *  a  * 

terms  of  first  r-derivatives  of  the  other  six  through  the  so-called 
initial  value  equations  (Foures-Bruhat,1956  ) 


-  2  G  =  (PO  +  '^oK  * 


(9.6,81) 

(9*6.82) 


Therefore  there  exist  ei^t  independent  combinations  of  the  7^^  ^  * 

j  which  are  associated  with  the  four  degrees  of  freedom  of  the  medium. 
The  remaining  two  independent  combinations  correspond  to  two  ind^endent 
combinations  of  second-order  Einstein  equations.  These  are  associated 
with  the  two  degrees  of  freedom  (per  point  u  )  possessed  by  the 
gravitational  field. 

It  shoxild  be  remarked,  of  course,  that  the  actual  combinations  of 
vau-iables  associated  with  the  various  degrees  of  freedom  are  exceedingly 
difficult  to  find.  Although  a  great  amount  of  effort  has  been  direct*‘d 
toward  their  discovery---they  being  the  so-called  canonical  variables  of 

the  Hamiltonian  approach  to  general  relativity - success  has  so  far  been 

limited  to  the  case  in  which  flatness  conditions  are  imposed  at  infinity 
(Amowitt,  Deser  and  Misner,  I960).  On  the  other  hand,  it  is  clear  that 
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knowledge  of  these  variables  is  not  essential  to  the  quantization  progran, 
nor  even  to  the  asking  and  answering  of  questions  of  fundamental  physical 
importance.  Ibis  is  particularly  well  illustrated  by  the  discussion  of 

measurability  contained  in  Section  8. 

It  was  pointed  out  in  Section  3  that  in  order  to  go  beyond  the  semi- 
classical  approximation  the  problems  of  factor-ordering  and  self-consis¬ 
tency  of  the  operator  Green* s  functions  would  have  to  be  solved.  A 
suggested  mode  of  attack  on  these  problems  involved  taking  the  commutators 
of  a  complete  set  of  Invariant  dynamical  variables  with  the  dynamical 
equations  written  in  some  invariant  form.  In  the  present  case  the  invariant 
dynamical  equations  would  be  those  of  (9*6.77)»  written  with  their  factors 
in  a  definite  order,  and  the  invariant  variables  wo\ild  be  the  v^, 

J.  On  the  other  hand,  it  seems  most  undesirable  to  make  the  rigorous 
quantization  of  the  gravitational  field  itself  depend  on  the  presence  of 
another  physical  system,  in  spite  of  the  fact  that  the  fundamental  geo¬ 
metrical  nature  of  the  gravitational  field  can  be  physically  elucidated 
only  through  its  effects  on  other  systems.  This  becomes  particixlarly 
obvious  in  the  present  case  when  one  considers  that  the  problem  of  rigorous 
quantization  is  intimately  related  to  the  problems  of  fluctuation  phenomena 
and  renormalization,  which  lie  precisely  in  the  domain  for  which  the  con¬ 
tinuum  description  of  the  elastic  medium  breaks  down.  The  phenomenological 
cut-off  which  had  to  be  used  in  Section  5  to  describe  fluctuations  in  xne 
medium  could  hardly  be  ejq^ected  to  fit  easily  with  the  complete  absence  of 
an  a  priori  cut-off  for  the  gravitational  field.  One  hopes,  therefore, 
that  a  consistency  procedure  can  first  be  worked  out  for  the  p\ire 
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gravitational  oreen's  functions  of  Eq,.  (9»6.55)»  without  the  necessity 
of  finding  invariant  dynamical  equations,  and  then  later  be  extended  to 
the  case  in  which  other  systems  are  present. 
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(9.7)  The  quantized  gruvitatlonal  field. 

Although  the  quantum  description  of  the  gravitational  field  has  many 
points  of  similarity  to  conventional  quantum  field  theory,  it  nevertheless 
seems  incapable— or  cfipable  only  with  difficulty - of  incorporating  cer¬ 

tain  conventionally  accepted  notions.  Nowhere  is  this  tetter  illustrated 
than  in  the  problem  of  defining  an  energy-density  for  the  gravitational 
field  or,  in  more  technical  terms,  a  generator  of  Infinitesimal  space- 
time  displacements.  If  is  not  actually  difficult  to  formulate  the  problem, 
or  at  any  rate  it  is  not  difficult  once  an  intrinsic  coordinate  system  has 

Si 

been  set  up,  as  in  the  preceding  section.  A  displacement  6t  ,  6u  with 

respect  to  the  intrinsic  coordinates  is  described  by  a  variation  in  the 

oc  ^ 

z  of  amount 

62°“  =  z%T  +  ,  (9*7.1) 

,a  ' 


with  no  accompanying  variation  in  0,  J,  or  S^y  •  The  change  in  the 
e:Q)liclt  form  of  the  action  (9*6.8)  which  generates  this  variation  is  given  by 


6S  s  -  d^ 


(rp  (^)  g—  A  m  ^BT  +  T 

AV^^(O)  ^  ^(0)  ^ 


^9-7.2) 


By  the  arguments  at  the  end  of  Section  3  the  variation  which  this  change 
Induces  in  an  arbitrary  loceQ.  invariant  ®  is  e;q)rassible  in  the  form 


6<»  =  (®,  /(T 


'(oM 


(O') 


6t'  +  T 


(O') 


6u^‘) 


d3u 


OM  T  ■ 


+ 


(9.7.3) 


in  which  it  is  assumed  that  the  clocks  have  been  adjusted  in  such  a  way  that 

the  hypersurface  t  =  constant,  through  the  point  at  which  0  is  evaluated, 
21 

is  spacc-llke. 
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The  difficulty  \rtiich  now  appears,  howerer,  is  that  the  extra  term 
will  not  generally  vanish  even  when  ♦  is  one  of  the  basic  variables 

V  •  This  may  be  seen  at  once  from  the  fact  that  both  singly  and 
'ab*  a 

doubly  differentiated  propagation  functions  occur  in  the  Poisson  Brackets 
(9.6.67)  et  ^  which  are  to  be  used  in  the  computation  of  the  first  term  of 
(9.7.3).  In  the  process  of  passing  from  the  Green's  functions  to  the  pro¬ 
pagation  functions,  as  in  E<i.  (9-3.58),  the  step  function  will  get  differen- 
tinted  sufficiently  so  that  extra  terms  will  unavoidably  appear.  Whether 
these  extra  terms  can  themselves  be  obtained  through  a  simple  process  of 
taking  a  Poisson  bracket  with  some  appropriate  quantity  is  unknown.  The 
prospects  for  this,  however,  are  not  encouraging.  The  only  case  in.  which 
it  has  so  far  been  found  possible  to  introduce  an  energy  concept  for  the 
gravitational  field  is  that  in  which  flatness  conditions  at  infinity  are 
assumed  (AKnowitt,  Deser  and  Misner,  l96o).  The  total  energy  then  acts  as  a 
"time"  displacement  generator  for  the  canonical  variables,  but  these  variables 
'  are  physically  nonlocal  and  depend,  themselves,  on  the  asymptotic  conditions. 

The  existence  of  a  space-time  displacement  generator  is,  of  course, 
not  essential  to  the  quantization  program.  For  the  rest  of  the  chapter,  in 
fact,  -we  shall  get  along  quite  well  without  it.  There  still  remains  the 
question,  however,  of  the  most  suitable  variables  with  which  to  work  in 
developing  the  theory  further  and,  in  particular,  in  developing  useful 
approximation  methods.  From  the  point  of  view  of  the  logical  structure  of 
general  relativity  the  primary  variables  would  seem  to  be  the  components  of 
the  metric  tensor,  since  these  are  the  quantities  which  give  direct  and 
imnediate  information  on  the  geometry  of  space-time.  In  the  intrinsic 
frame,  however,  the  metric  conponents  describe  dynamical  properties  of 
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both  the  elastic  medivun  and  the  gravitational  field,  simultaneously  and  in, 
a  highly  interlocking  fashion.  The  mutual  interference  of  the  two  systems 
is  very  obvious  in  Eqs.  (9.6.6?)  et  aa  in  which  all  the  propagation  functions 
„  „  n  n  nriv,..  etc.  appear  at  once.  More- 

over,  a  direct  observation  of  the  metric  components  wotild  require  measurements 
by  means  of  additional  instruments  similar  to  the  medium  itself  (with  its 
clocks)  and  subject  to  the  same  disturbances.  But  the  reason  for  introducing 
the  medium  in  the  first  place  was  precisely  to  use  ^  as  the  primary  stan¬ 
dard  and  to  give  it  lasting  utility  -by  making  it  sufficiently  stiff.  What 
we  seek  here  are  not  the  components  of  the  metric  tensor  but  a  set  of  variables 
which  are  better  at  describing  the  gravitational  field  itself  independently 
of  the  medium,  as  well  as  a  set  of  instruments  for  measuring  these  variables 
having  properties  supplementing  those  of  the  medium. 

The  propagation  of  the  gravititional  field  itself  is  principally 
described  by  the  functions  To  be  sure,  these  functions  depend  to 

a  certain  extent  on  the  elastic  medium.  Just  as  the  functions  Gpp,  and 
G  depend  to  a  certain  extent  on  the  gravitational  field.  However,  near 
the  light  cone  the  behavior  of  is  determined  by  the  gravitational 

field  alone. ^  Because  of  the  occurrence  of  derivatives  of  propagation 
functions  in  the  Poisson  brackets  (9.6.6?).,  etc.  it  would  at  first  sight 
appear  to  be  very  difficult  to  obtain  even  an  approximate  separation  of  the 
mathematical  description  of  the  system  into  a  gravitational  part  and  a  part 
referring  to  the  medium.  However,  closer  inspection  shows  that  these 
derivatives  occur  in  Just  the  right  way  to  make  such  a  separation  possible, 
provided  the  field  satisfies  a  weakness  condition  which  we  may  leave  some¬ 
what  vague  for  the  moment  but  which  will  be  made  more  precise  presently. 


Ill 


Thin  possibility  stems  from  the  fact  that  the  terms  involving  the  differen¬ 
tiated  propagation  functions  in  Eq.s. (9.6.67)  et  ^  have  their  origin  in 

the  terms  62  „  +  Bz-.^  contained  in  the  invariant  strain  tensor  appearing 

CC*p  p  Of 

in  the  variations  (9.6.64), (9.6.65),  (9.6.66).  Consider  now  the  Riemann 
tensor.  A  variation  in  the  metric  of  amount  Bz^^p  +  is  mathematically 

identical  to  a  coordinate  transformation  and  therefore  produces  a  variation 
in  the  Riemann  tensor  given  by 


^^cpyB  “  ^Opy8»€  ^  *ot  ^  ^QteyB  ‘P 


*  ^QpeS  *7  *  *6  * 


(9-7-it) 


It  will  be  observed  that  the  Riemann  tensor  occurs  as  a  factor  in  every  term 
of  this  variation.  Therefore  if  we  compute  Poisson  brackets  of  components 
of  the  Riemann  tensor  in  the  intrinsic  coordinate  system,  every  term  which 
involves  one  of  the  propagation  functions  *  ^ay’B*  '  ^op’  * 

also  involve  the  Riemann  tensor  as  a  factor.  In  states  for  which  the 
Riemann  tensor  differs  only  slightly  from  zero  these  terms  become  negligible, 
and  only  the  propagation  functions  Gop^igi  left. 

It  therefore  appears  that  variables  suitable  for  describing  the 
gravitational  field  by  itself  are  simply  the  components  of  the  Riemann 
tensor,  whenever  these  components  are  small.  That  the  I'iemann  tensor  should 
thus  enter  so  directly  into  the  description  of  the  gravitational  field  is, 
of  course,  not  surprising.  The  presence  or  absence  of  a  real  gravitational 
field  is,  in  fact,  determined  by  the  value  of  the  Riemann  tensor.  If  the 
Riemann  tensor  vanishes  there  is  no  gravitational  field;  if  its  components 
are  small  the  gravitational  field  is  "weak."  Of  course,  certain  components 
of  the  Riemann  tensor  may  beccane  large  even  for  a  "weak"  field  if 
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the  coordinate  aystem  Is  tedly  chosen.  But  this  circumstance  can  "be 
avoided  with  a  good  stiff  medium  by  assigning  the  labels  u  and  setting 
the  clocks  in  an  intelligent  manner.  Tlie  quantum  fluctuations  of  the 
medium  as  well  as  oscillations  induced  by  the  "weak"  gravitational  field 
Itself  will  then  have  negligible  effect  on  the  Riemann  ccmiponents .  It  is 
important  to  note  that  such  oscillations  produce  only  a  relative  (fractional) 
change  in  the  components  of  the  Riemann  tensor  whereas  they  produce  an 
absolute  change  in  the  components  of  the  metric  tensor.  This  circumstance 
has  its  inmediate  reflection  in  the  linearized  theory  of  gravitation,  in 
which  the  Riemann  tensor  is  a  group  invariant^**  although  the  "potentials" 
themselves  are  not.  It  suggests,  moreover,  that  the  linearized  theory 
should  provide  a  good  starting  point  for  approximation  procedures,  .and 
indeed  it  will  do  so  provided  it  is  not  used  to  settle  global  questions 
or  used  indiscriminately  in  the  ultra  high  energy  domain  where  violent 
fluctuations  occur  and  where  the  effect  of  the  gravitational  field  on  the 
light  cone  itself  must  be  considered.  In  short,  it  must  be  used  with 
caution,  and  the  full  rigorous  theory  must  always  be  kept  in  mind. 

The  equations  of  the  linearized  theory,  or  what  Bho\xld  more  properly 
be  called  the  "weak  field  approximation"  ^en  sovurces  and  hence  nonlinearities 
are  introduced,  may  be  obtained  from  the  results  of  the  preceding  sections 
by  regarding  both  sources  and  fields  as  small  distvurbances  in  the  vacuum. 

We  begin  with  an  eiapty  flat  space-time.  Ihen,  in  given  regions  of  interest, 
we  introduce  stiff  elastic  bodies  of  limited  dimensions,  each  in  a  state  of 
uniform  rectilinear  motion,^  with  oscillatory  modes  absent  except  for  the 
zero  point  fluctvtations,  and  each  defining  a  local  Minkowskian  coordinate 
system  with  the  aid  of  its  own  framework  of  synchronized  clocks.  The 
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introduction  of  these  bodies  produces  tiSB  results:  (l)  a  change  in  the 
action  functional  for  the  system  (previously  a  pure  vanishing  gravitational 
field),  €md  (2)  a  deviation  of  space-time  from  flatness.  Denoting  the 
departure  of  the  local  metric  from  Minkowskian  by  -Sg^^  ,  we  have,  in  the 
immediate  vicinity  of  one  of  the  elastic  bodies. 


cT-i'" 


^®pX»0-T  "  ^^P»TX  "  ®®TX^CTp^ 


-  (9-7-5) 


which  is  Just  Eq.  (9.6.21)  simplified  for  the  present  situation.  Here  we 
use  Greek  indices  from  the  middle  of  the  alphabet  to  refer  to  the  intrinsic 
coordinate  system  defined  by  the  body,  instead  of  separating  the  equation 
into  parts  corresponding  to  the  space  and  time  indices  a,  b,  etc.,  and 
(0).  Similarly  we  shall  replace  the  coordinate  labels  u  and  t  by 
,  not  forgetting,  however,  their  intrinsic  origin.  The  stress-ener^ 
density  in  this  system  is,  of  course,  (T*^'*)  ■  diag  (p^,  0,  0,  O).  We 
may  ignore  the  dynamics  of  the  clocks  except  when  we  come  to  consider 
measurements  of  time. 

Next,  we  give  to  the  gi-avitational  field  a  "free"  component  in 
addition  to  that  produced  by  the  introduction  of  the  elastic  bodies,  which 
may  be  described  either  semi-classically  or  in  q-nimber  terms,  depending  on 
the  state  in  question.  If  the  field  is  sufficiently  weak  the  superposition 
principle  will  hold  and  this  extra  component  may  be  Ivanped  together  with 
the  6g^^  of  Eq.  (9*7*5).  It  is  to  be  understood  that  the  superposition 
principle  need  hold  only  in  the  immediate  vicinity  of  the  elastic  bodies 
where  the  intrinsic  coordinate  frames  actually  exist;  it  need  not  hold  in 
the  large.  Thus  the  geometry  of  space-time  nay  now  depart  widely  from 
flatness  over  large  distances.  The  condition  for  "weakness"  of  the  field 


114 


and  local  validity  of  the  superposition  principle  becomes  simply  that  the 
product  of  the  Rienann  tensor  with  the  square  of  the  linear  dimensions  of 
the  elastic  bodies  shall  be  small  compared  with  unity.  This,  in  turn, 
inqjoses  a  limitation  on  the  bodies  themselves,  namely,  the  ratios  of  their 
masses  to  their  linear  dimensions  must  be  small  compared  to  one. 

The  fact  that  space-time  is  now  permitted  to  have  an  appreciable 
macroscopic  curvature  means  that  the  word  used  to  describe  the  bulk  motion 
of  the  elastic  bodies  must  be  changed  from  "uniform"  to  "geodetic." 
Furthermore,  the  small  scale  curvature  will  induce  internal  oscillations. 
These  oscillations  are  described  by  the  homogeneous  form  of  Eq.  (9-6.20) 
which,  in  the  present  approximation  takes  the  form 

IB  which  th.  clock  warlhhlc.  hay.  h.a»  hchlactca,  the  condltloh  (9.6.60 
ha.  hecD  uaea,  «id  the  lavariant  atrala  tecaor  aad  internal  .tree,  denalty 
are  taken  in  the  respective  forms 


pv 

^  V 


i.  (Bz  +  6z  , ,  +  Sgiiv,)# 
2  '  p»v 


VOT 

-  Vt 


(9-7-7) 

(9.7.8) 


Mnltlplylns  Eq.  (9.7.6)  h,  ,  dirferontiaties  with  reepect  to  k''  , 

syM»etrlzlDe  the  reanltlng  ekpreaslon  in  the  Indicoa  w  and  w  ,  and 
neaenherlns  that  the  dcrlvatiyea  of  v’  vanish  (anlform  orlslnal  notion). 


one  gets 


V  V  (s 


\ivtcr-r  ~  ^  2 


) 

0  V 


1  /  -1+ 


0,  (9-7.9) 
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where,  from  Eq8.(B>7)  and  (B.8)  of  Appendix  B, 


^pcrvT  **  2  ~  ®®pT>CTV  ~ 


(9-7.10) 


Since  the  original  space- time  was  assumed  to  be  flat,  expression  (9.7.IO) 
really  represents  the  full  Riemann  tensor,  and  the  symbol  8  may  be 
removed  from  in  front  of  the  R  .  Therefore,  remembering  the  conditions 
(9-5-77),  as  well  as  the  fact  that  (v^)  =  (1,0,0,0)  in  the  intrinsic  frame, 
we  may  write  the  spatial  components  of  Eq.  (9.7-9)  la  the  form 

^ib  “  ^a(0)b(0)  ~  2  ^^0  ^ac>c^>b  “  2  ^^0  Hc^c^,a  '  (9-7.ll) 

This  equation  has  been  used  by  Weber  (I960)  as  the  basis  of  proposals  for 
the  direct  e^erlmental  detection  of  gravitational  waves.  We  shall  also 
make  important  use  of  it  in  the  analysis  of  the  measurability  of  the 
gravitational  field  in  the  next  section. 

It  will  now  be  convenient  to  rewrite  the  basic  equations  of  the  weak 
field  approximation  in  several  alternative  forms.  In  view  of  Eq.  (9-7-10) 
equation  (9»7-5)  can  be  written 


1  UV  1  ^  ^ 

O  •  O'  111/  I 


1  .JJiv 


R  =  R 


(9-7.12) 


which  is  the  linearized  Einstein  equation.  It  can  also  be  written 


(9-7.13) 


T  =  T 


(9.7.ll^) 


From  the  linearized  Bianchi  identities 


R  +  R  +  R  so, 

p.VCT^p  pVTp/C  pvfxr^T  * 


(9-7.15) 
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it  follows  that 


(rf"  -  I  ■/‘■'B),, 


Which  imposes  the  lowest  order  condition 


>  V 


(9.7.16) 


(9-7-17 


on  the  stress-energy  density.  This  is,  of  course,  trivially  satisfied  for 

^  (Pq»  0,  0,  0)  in  view  of  the  (proper)  time  independence  of  Pq- 

The  above  equations  are  also  applicable,  however,  to  situations  in  which  the 
elastic  bodies  are  subjected  to  sudden  impulses  arising  from  internal  devices  which 
are  introduced  for  the  purposes  of  measuring  relative  velocities  or  rates  of  strain 
(as  in  the  next  section),  provided  the  stress-energy  of  these  additional  devices  is 
itself  taken  into  account.  By  repeated  use  of  the  Bianchl  identities  as  well  as 

26 

Eq.  (9.7.13)  one  obtains  the  Important  equation 

A  -  R 


D  PVOT  “  ^VvCTTjp 

-  -  I 


po 


(T, 


I  'I.  T)  ...  -  (T.„  -  I  n  T), 


\XT  2  2  , 


(9.7.18) 


which  enables  the  source-associated  coEponentB  of  the  Riemann  tensor  to  be  ob¬ 
tained  directly  from  the  stress-energy  distribution  with  the  aid  of  the  familiar 
relativistic  Green* s  functions  massle0e  fields,  which  satisfy  the  equation 

-  x’)  =  -  6(x  -  x‘)  .  (9-7-19) 


The  use  of  these  Green's  functions  is,  of  course,  valid  only  in  local  regions. 
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The  cc!n5>onents  of  the  Riemaxm  tensor  are  conveniently  separated  into 
two  sets,  analogous  respectively  to  the  electric  and  magnetic  congponents  of 
the  electromagnetic  tensor  of  Maxwell's  theoi*y: 


®ah  -  ^a(0)b(0)  ' 


(9-7.20) 


“ah 


(9.7-21) 


The  3-tensor  is  obviously  symmetric.  Its  trace  is  found,  with  the  aid 

of  Eq.  (9-7-13),  to  be 


E 


aa 


^'^(0)(0) 


+  T  ). 
aa' 


(9-7-22) 


H  on  the  other  hand,  has  vanishing  trace  but  is  not  symmetric  when 
ab  * 

moving  masses  are  present.  Its  antisymmetric  part  is  given  by 


2  ^\b  ”  ^ba^  “  “1+  ®abc'^(0)c 


(9-7-23) 


The  algebraic  Identities  satisfied  by  the  Riemann  tensor  may  be  used  to  show 
that  its  components  can  be  re-e:qpressed  in  terms  of  E^^  and  by  the 

equations 


^a(0)b(0) 

=  »  ^cdb(O)  "  ^eda^av'^) 

(9-7-24) 

V 

^abed 

=  ■  Sbe^edf^ef  2  ^abe^edfJef  *) 

Jab 

=  |'^ab-iW^(0)(0)"^cc>  • 

(9-7-25) 

Furthermore,  using  these  equations  together  with  the  Bianchi  identities, 
and  introducing  dyadic  notation,  one  may  show  that  E^  and  ^  satisfy  the 
following  analogs  of  Maxwell's  equations: 
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V  - 

E  « 

V 

-  J 

m- 

V  X  E  + 

fi  - 

0 

V  - 

H  = 

0 

^  X  H 

-  E  « 

- 

J 

(9-7-26) 


the  tilde  denoting  the  transposed  dyadic.  Finally,  the  second  order  equations 
(9.7.18)  may  he  .rewritten  in  the  forms 

-  -  I  filb  -  I  V  *  ‘■'(OXo)  ^  I  -  \(0),b  -  \(0),a'  .(9-7-27) 
0\b  ■  -  I  ‘bCdt(\=  -  I  V*>,a  -  ^c(0),db'  • 

It  is  of  interest  to  note  that  Eqs.  (9-7-11)  and  (9-7-27)  agree  with  the 
Newtonian  theory  in  the  static  limit  and  may.  Indeed,  be  used  to  fix  the  size 
of  the  units  through  comparison  with  experiment.  In  the  static  limit,  with 
^(0)(0)  “  pQ  ^  (9-7.27)  becomes 


^^ab 


1 

■5  Po»ab 


(9-7-29) 


In  the  Newtonian  theory,  on  the  other  hand,  we  have  a  scalar  potential  ^ 
satisfying 

V^(t.  =  4napQ  =  ^  Pq  >  (9-7-30) 

la  terms  of  which  the  equatioiijof  motion  of  the  constituent  particles  of  a 
medium  may  be  ejqjressed; 

8z  =  -  <>  ~  Pr>  h  ”  (9-7-31) 

aa  7  a  0  ab»b 

Introducing  the  Newtonian  strain  tensor 

s  ^  i  (6z  ,  +  8Z.  ^)  ,  (9-7-32) 

ab  2  '  a#b  D»a 
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we  are  therefore  led  to  Eq.  (9.7.11),  provided  we  make  the  correspondence 


ab 


>ab 


(9-7-33) 


in  agreement  with  Eqs.  (9.7.29)  (9*7*30). 

We  may  also  note  that  only  the  3-tensor  not  ,  has  thus 

far  appeared  in  the  equations  which  determine  the  effect  of  the  curvature 
of  space-time  on  bodies  which  occtjjy  space-time.  This  is  because  we  have 
confined  our  attention  to  non- rotating  bodies.  It  has  been  shown  by 
Papapetrou  (1951)  and  Plrani  (I956)  that  when  spin  is  introduced,  the 
3-tensor  enters  directly  into  the  law  of  force.  The  dynamical  equations 

which  these  authors  give  for  a  particle  of  mass  m  and  spin  angular  momentimi 
tensor  satisfying 


=  -E^  , 


Op 


0  , 


(9-7.34) 


are 


mz«  =  E«zP+|r“ 

P  2  PrB 


(9.7.35) 

(9.7.36) 


Here  the  dot  denotes  covariant  proper  time  differentiation.  That  is,  if  the 

0£ 

particle  is  imagined  to  belong  to  an  ensemble  defining  a  velocity  field  v  , 
then 


..a  = 


4“  H 


dz°^/  St 


-a 


a 


•op 


s  V 


•7 


etc.  (9.7.37) 


Equation  (9-7-36)  expresses  the  condition  that  the  spin  propagate  along  the 
world-line  of  the  particle  in  as  parallel  a  fashion  as  is  consistent  with 
its  remaining  purely  si>atial  [as  demanded  by  condition  (9.7-34)]  and 
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therefore  gives  sin^>ly  the  general  relativistic  Uionias  precession. 

Equation  (9.7.36)  yields  a  deviation  from  geodetic  motion  of  the  particle 
itself.  The  spin  equation  has  heen  used  hy  Schlff  (I96O)  as  the  basis  of 
proposals  for  meastiring  the  general  relativistic  corrections  to  the  ordinary 
special  relativistic  Thomas  precession.  The  particle  equation,  on  the  other 
hand,  will  play  a  fundamental  role  in  the  next  section  in  the  analysis  of 
the  measurability  of  In  Appendix  D  it  is  shown  how  both  equations  are 

derivable  from  a  single  momentum-energy  conservation  law. 


The  commutation  relations  for  the  J-tensors  E^^  and  can  be  ob¬ 

tained  directly  frcHU  the  commutation  relations  for  the  ccMDcponents  of  the 
linearized  Rlemonn  tensor,  ^ich,  since  only  the  propagation  functions 
G  .  •  are  now  involved,  may  be  computed  as  if  the  Bs,,„  satisfied  the 
commutation  relations 


(9-7.38) 


In  the  weeik  field  £5)proxlmation  the  Green* s  functions  from  which  these 
propagation  functions  ore  formed  satisfy  the  equation  [cf.  Eq.  (9.6.55^  ^ 


1  _  1 


5  (*1'^  n  -  2 

of  which  the  solutions  is 


OTp’X* 


-  6' 


P»l*  ^ 


(9-7.39) 


pvcr'r’  ~  ’\iT^vcr  ’Vv  'ot 


)D*(x’-  x’). 


la  'vT  HT  'vcr 

By  a  straightforward  computation,  which  makes  use  of  Eqs.  (9,7.10)  and 
(9.7.19),  one  finds 


(9-7-to) 


^^ab  »  ^c*d»^  “  ^®ab  *  ®c*d*  ^ 

-  i  t^'^oc'^'^bd  ''"’ad^'^bc  -  (9-7-41) 


121 


>  “e'd' ' 


-  l“db  <  ®d-d'  > 

I  1  -  “\ydd>  v\f(*  -  »•). 

(9.7-^2) 


Where  ^  is  the  tronsverse-fleld  projection  operator; 
ab 

rT  _.  R  d  „-2  a 

^  -  r-E  ^  > 


ab  ab 


(9.7. 1^3) 


ax“ 


ax" 


and  where 


D  *  D  -  D  , 


|^(x  -  X* )  =  O  . 


(9.7.44) 


Since  the  gravitational  propagation  functions  uJ^coupled  to 

the  matter  propagation  functions  ®  weak  field  approximation^ 

the  commutation  relations  (9.-7.4L)  and(9.7.42)  are  also  satisfied  by  the 
"free"  components  of  and  which  remain  after  the  retarded  (or  advanc¬ 

ed)  solutions  of  Eq.E.  (9-7.27)  and  (9.7.28)  have  been  subtracted  out.  A  study 
of  these  free  components  leads  to  the  concept  of  gravitational  quanta  or 
gravitons.  From  the  homoganeous  forms  of  Eqs.  (9*7.26)  ond.  the  fact  that  the 
free  components  of  E^^  and  are  symmetric  and  have  vanishing  trace, 

it  is  not  af  all  difficxolt  to  see  that  the  Fourier  decompositions  of  E^^ 

and  have  the  general  forms 

ah 

E^®®  =  (4x)  ^  (d^k/f}P) 

(9.7.45) 

-2.  p  ik  x^  ,  P 

=  (4x)  e2e^)a^  -  {e^  ^  ^ 

(9.7.'<6) 


+  h.  c. 


where  (k^)  -  (k,  k°)  ,  k°=  k  =  jkl,  and  where  e  .  ^  are 


the 


0 
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Fig.  9-2«  Quadrupole  strain  induced  In  a  spherical  object  by  a 
plane  gravitational  wave  propagating  into  the  page, 
for  the  two  polarization  states,  I  and  II  . 


mutually  orthogonal  unit  vectors  of  Eq.  (9.^.^)  chosen,  for  definiteness, 
in  a  "right  hiinded"  fashion  so  that 


^i 


(9.7.47) 


The  "amplitudes"  a^  ,  a^^  ,  which  are  functions  of  define  "polarization" 

states  of  their  respective  plane  waves.  The  existence  of  two  such  states 
corresponds  to  the  existence  of  two  dynamical  degrees  of  freedom  per  point  _u 
(here  x  )  which  was  mentioned  at  the  end  of  Section  6.  From  the  fact  that 


G*  e*  -  e*  e*  ^  ^  ^  ^ 


(9.7.48) 


where 


e’  =  2^(®'*’c)  t  *^*2  ^  ^  ^  ^”^1  ^  9.7.49) 

it  follows  that  the  two  states  of  polarization  are  obtainable  from  one 
another  by  rotation  through  45*  •  Referring  to  Eq.  (  9.7.II)  it  is  easy 
to  see  the  effect  which  a  polarized  plane  gravitational  wave  has  on  the 
strain  tensor  of  a  medium  with  which  it  interacts.  This  effect  is  schema¬ 
tically  indicated  in  Fig.  (  9-2)  for  a  plane  wave  propagating  into  the  page. 

The  wave  induces  an  oscillating  transverse  quadrupole  moment  in  an  otherwise 
spherically  symmetric  object.  From  the  figure  it  is  clear  that  a  rotation 
through  90"  yields  again  the  same  state  of  polarization. 

Using  the  Fourier  decomposition  of  the  function  D(x  -  x’),  namely, 

D(x  -  X*)  =  (2xy‘'  (f^-J  d\ 

-  -i[(2«)'^J'|e^’V(^-'''‘^^(d5k/k°)  -  h.  c.]  , 


(9.7.50) 


together  with  the  Identity 


e^e„)  . 


(e^e^ 

V,.  l.-l 


=  6^  +  6^’'^  ,B^.  -  8\.  B^  ,  , 

ac  bd  ad  be  ab  cd  ^ 


(9.7.51) 


where 

^’'.b  ■  <.;iSi*,'2S2>.b  ■  Sab-V\"  W.7.52) 

it  iB  easily  verified  that  the  commutation  relations  (9.7.  ^l)  (9.7. ^2) 

are  satisfied  if  and  only  if 


[a  (k)  ,  a_t(k*)]  =  >  a  t(k')]  =  B(k  -  k»)  ,  (9.7.55) 

while  the  commutators  of  all  other  pairs  of  afl5)litudes  vanish.  The 
amplitudes  a^,  a^^,  a^t,  recognized  as  graviton  annihilation  and 

creation  operators  respectively. 

Creation  and  annihilation  operators  for  states  of  definite  spin  are 

obtained  from  the  amplitudes  a^,  a^^,  etc.  by  the  unitary  transformation: 

_1 

a^  =  2  ^  (a^  +  i  a^^)  .  (9.7.5^^) 


Under  a  rotation  in  the  positive  direction  through 

angle  B4>  about  the  vector  e,  ,  the  vectors  e. 

i 


an  infinitesimal 
Bxiffer  the  changes 


Be.  =  e,  X  e^  B<>  , 


and  hence 


®(SiSa  ■ 


2  (e^  e_  +  e_e, )Bc  , 
-  2  (e,e  -  e.e„)Bi> 

^X  ^X 


V 


(9.7.55) 


12)+ 


(9.7.56) 


Therefore,  since 


[s,  a^]  ■=  2  1  a^.^.  ,  [s,  =  -  2  ±  ,  (9*7*57) 


where 


(9.7.58) 


it  follows  that  the  spin  operator  must  be  given  by 

CT  H  8  e^  ,  (9.7.59) 

for  it  acts  as  the  generator  of  infinitesimal  rotations  according  to  the 
fundamental  law  for  angular  mcmentum: 


[cr,  ,  £^""^^(15:)]  =  i  6  , 

J  "• 

[o-  ,  H^''®®(h)]  =  i  6  H^®®(k)  , 

p  *  .V*/ 


E^®®(k)  and  H^^®®(k)  being  the  total  Foiirier  amplitudes  of  the  gravitational 

V-’  • 

field.  Since  gravitational  waves  are  purely  transverse  it  is  possible  to 
generate  rotations  only  about  the  vector  e  ,  and  hence  the  spin  is  restricted 
to  be  parallel  or  autiparallel  to  ^e^  .  The  factor  2  in  Eq,.  ^.7.58  ) 
identifies  the  gravitational  field  as  a  spin- 2  field. 

The  amplitudes  a^,  etc.  may  be  used  to  define  a  "total"  energy 

and  momentum  for  the  linearized  free  gravitational  field: 


H  H  J"k°(ajtaj  +  ajjta^j)  , 


(9.7.61) 

(9.7.62) 
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It  is  to  be  eii5)hasized,  however,  that  the  validity  of  these  definitions  is 
strictly  limited  to  states  in  \rtiich  the  field  is  everwhere  weak  inside  a 
macroscopically  flat  region  of  interest  emd  effectively  vanishes  for  a 
considerable  distance  outside.  Furthermore,  although  the  definitions  are 
then  applicable  to  the  total  energy  and  momentum  inside  the  region  in 
question  [by  imposing  periodic  boundary  conditions  on  the  region  and  replacing 
the  integrals  in  (9.7.61)  and  (9.7.62)  by  sums]  it  is  on  the  other  hand, 
impossible  to  introduce  the  concept  of  a  local  distribution  of  energy  and 
momentum  which  is  group -invariant.  For,  although  the  amplitudes  a^, 
a  .  etc.  are  Fourier  transforms  of  the  group-invariants  E  and 

and  hence  permit  H  and  P  to  be  re-expressed  as  integrals  over 
all  space,  nevertheless,  because  of  the  necessity  of  inverting  the  factor 
which  appears  in  the  integrands  of  expressions  (9 •7*^5)  (9»7»*^6),  the 

integrands  of  the  spatial  integrals---which  would  normally  be  identified  as 
the  energy  and  momentvun  densities  respectively---cannot  be  e^qpressed  in 

terms  of  the  local  geometry  of  space-time  but  become  non-local  functionals 

^  -free  ,  ryfree 
of  E  and  IT 

%sv 

The  only  strictly  local  quantities  presently  known  which  satisfy  a 
field-equation-dependent  differential  conservation  law  analogous  to  the 
laws  of  conservation  of  energy  and  momentum  in  Lorentz  invariant  theories 
are  the  conponents  of  a  fourth  rank  tensor  discovered  by  Bel  (1959) 

Robinson  (1959).  Since  the  conservation  law  which  it  satisfies  is  completely 
covariant  and  independent  of  the  weak-field  approximation  this  tensor  is  of 
xmdoubted  importance,  although  its  physical  significance  is  not  yet  well 
understood  in  concrete  terms. 
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(9.3)  teasurablllty  of  the  aravltatlopal  field. 

It  has  been  enphasized  by  Bohr  and  Rosenfeld  (1955)  that  the  classical 
description  of  a  field  in  terms  of  coniponents  (in  our  case,  and 

at  each  space-time  point  becomes,  in  the  quantum  theory,  an  idealization 
having  only  a  formal  applicability.  Since  the  commutators  of  the  quantized 
field  components  involve  singular  functions  (e.g.,  D(x  -  x* )  and  its 
derivatives),  unambiguous  statements  can  be  deduced  from  the  formalism  only 
fQj-  averages  of  the  field  components  over  finite  space— time  regions.  Our 
first  problem  will  be  to  find  suitable  devices  for  measuring  such  field 
averages  and  to  examine  the  kinds  of  averages  to  which  these  devices  lead. 

We  begin  with  the  description  of  a  convenient  way  to  measure 

(conceptually)  an  average  of  the  component  noting  that  the  same 

measurement  repeated  in  a  stifficient  number  of  differently  oriented  quasi- 

Cartesian  coordinate  systems— that  is  to  say,  with  the  measiurement  device 

itself  placed  in  different  orientations - suffices  for  the  determination  of 

similar  averages  of  all  the  components  Thus,  if  the  measurement  is 

performed  in  a  coordinate  system  of  which  the  x’-axis  has  direction  cosines 

a^,  0!^,  ct^  with  respect  to  the  original  system,  then  an  average  is  obtained 

for  the  quantity  ®a°^^ab  original  system.  It  is  easy  to  see  that 

averages  of  edl  the  E^^  in  the  original  system  may  thereby  be  inferred  by 

27 

making  six  appropriate  different  choices  of  the  a^. 

For  the  measurement  of  a  space-time  average  of  E^^  we  must  insert 
some  kind  of  a  "test  body"  into  the  field.  The  simplest  body  which  we  can 
use  for  this  purpose  is  the  elastic  medium  itself,  which,  together  with  its 
clocks,  was  Introduced  originally  for  the  purpose  of  defining  a  local 
coordinate  system.  The  spatial  boundaries  of  the  medium  may  be  taken  to 
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coincide  with  those  of  the  averaging  domain,  since  the  coordinate  system  is 

needed  only  there  and  novrtiere  else.  The  quasi-rigidity  of  the  medivun, 

together  with  the  weak-field  situation,  which  must  he  assumed,  insures  that 

28 

the  coordinate  system  remains  permanently  quasi-Minkowsklan.  For  simplicity 
the  spatial  voliame  occupied  hy  the  medium  will  he  taken  as  a  quasi-cuhe 
having  sides  of  unstrained  length  L  oriented  along  the  coordinate  axes. 

At  a  certain  instant— -marking  the  temporal  beginning  of  the  space-time 
averaging  domain-— the  internal  constitution  of  the  medium  is  abruptly  and 
simultaneously  (  as  determined  by  the  clocks)  altered  throughout,  in  such 
a  way  that  a  simple  application  of  Eq.  (9* 7*11 )  can  then  be  made  to  obtain  a 
determination  of  the  average  value  of  E^^^^  over  the  medium  and  over  the 
length  of  time  during  which  the  medium  retains  its  altered  constitution. 

The  nature  of  the  most  suitable  alteration  will  now  be  examined. 

We  first  consider  an  alteration  which  is  physically  inadmissible,  but 
which  will  nevertheless  lead  us  to  a  correct  analysis.  Me  imagine  that  the 
elastic  moduli  Ca-jjcd,  suddenly  become  modified  in  such  a  way  that  the 
medlimi  no  longer  supports  short  wavelength  oscillations  but  becomes  what 

we  may  call  strain-rigid - that  is,  the  only  internal  motion  which  it  can 

execute  is  a  xinlform  strain  in  the  x?’-direction,  which  is  itself  unhindered 
by  elastic  restoring  forces.  This  situation  is  somewhat  pictxiresquely 
illustrated  by  the  device  shown  in  Fig.  (9-5)*  I'ts  physical  inadmlssability 
resides,  of  course,  in  the  fact  that  because  of  the  finite  propagation 
speed  of  all  forces  a  body  can  no  more  be  strain-rigid  than  it  can  be 
truly  rigid.  Leaving  aside  this  defect  for  the  moment,  however,  let  us  see 
how  such  a  hypothethical  device  might  be  used.  Let  us  ass\mie  that  the 
intrinsic  coordinate  system  defined  by  the  test  body  has  been  adjusted  so 


128 


■that  at  the  initial  Instant  is  equal  to  unity,  to  an  accuracy  limited 

only  by  the  zero  point  oscillations*  Lengths  in  the  x^-direction  are  thus 
read  off  directly  from  the  coordinate  at  this  instant.  At  subsequent 

Instants  the  ccmiponent  particles  of  the  test  body  will  ha've  suffered  dls- 

a  29 

placements  82  given  by 

82^  = 

where  diagonal  component  of  the  (now  uniform)  strain  tensor  in 

■thQ'  X^-dlrection  eind  where  the  origin  of  coordinates  is  chosen  at  the  center 
of  the  bodyi  Assuming  uniform  mass  density  we  have,  from  Eq. 

®11  “  %1  "  Pq  ^''^la^al  *  (9»Q-2) 


which  expresses  the  temporal  behavior  of  the  strain  resulting  from  the 
action  of  the  space-time  curtattire  and  the  internal  stresses.  We  do  not, 
of  course,  know  in  detail  what  the  internal  stresses  are.  But  we  know  that 
•they  must  adjust  themselves  in  such  a  way  that  the  body  as  a  whole  under¬ 
goes  strain-rigid  motion.  The  forces  involved  are  evidently  forces  of 
constraint  which  can  do  no  net  work  in  a  virtual  displacement.  This  condition 
may  be  expressed  in  the  form 


V  V 

where  V(=L^)  denotes  the  volume  occupied  by  the  test  body.  ITom  this  it 
follows,  through  an  integration  by  parts,  that 

.5 


(9.8-3) 


+  i  L)(|  L  -  x^)  d5x^  = 


X 

r\f\J 


(9.8.4) 


and  hence 


» 
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“11  - 

*11  •  6  *  I  ‘•><1  -  *'>  "ll 

V 

The  quantity  which  the  strain-rigid  test  body  measures  is  therefore  seen  to 
te  a  weighted  average  of  the  field  component  over  the  volume  occupied 

by  the  test  body.  The  weighting  factor  (x^  +  i  L)(i  L  -  x^)  is  parabolic, 
going  to  zero  at  the  extremities  of  the  body  in  the  x^-direction. 

To  test  the  fonnalism  of  the  quantvim  theory  of  geometry  by  means  of 
measurements  we  nust  assume  that  the  apparatus  (in  this  case  the  test  body) 
obeys  the  Uncertainty  Principle.  Poisson  brackets  for  a  strain-rigid  test 
body  can  be  obtained  by  the  general  Green*  s-function  techniques  outlined  in 
the  early  sections  of  this  chapter.  Conventional  methods,  however,  suffice 
for  this  simple  example.  Since  the  internal  forces  are  p\ire  constraints  the 
Lagrangian  is  Just  the  total  kinetic  energy: 


(9.8.7) 


M  is  the  total  mass  of  the  test  body.  The  variable  conjugate  to  the  strain, 
which  we  may  chll  the  strain  momentum,  is  given  by 


(9.8.8) 


The  accuracy  of  a  simultaneous  fixing  of  and  n  is  limited  by  the 

uncertainty  relation 


ASiiAn  ~  1  . 


(9.8.9) 


A  measxnrement  of  n  at  the  beginhing  eind  end  of  a  time  interval  T  yields 
a  space-time  average  of  Denoting  the  measured  values  by  it*  and  n" 
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respectively,  we  have  i  i  ' 

rt"  .  „i  =  ^  =  12  ,  (9.8.10) 

T 

s  6  L"V^y  (x^  +  I  L)(i  L  -  x^)E^3^d'*x  .  (9. 8.11) 

T  VT 

Equation  (9.8.IO)  may  be  solved  to  express  *11  in  terms  of  the  "e:q)Eri- 
mental  data"  n’  and  it"  .  The  limitation  which  the  uncertainty  relation 
(9.8.9)  imposes  on  the  accuracy  of  this  measurement  is  evidently  given  by 


12 


ML% 


11 


(9.8.12) 


for  every  value  of  aa^  ^  no  matter  how  small ^  can  be  made  arbitrarily 
cmfti  T  by  the  choice  of  a  sufficiently  large  value  of  M  .  On  the  other 
hand,  M  is  limited  by  the  weak-field  condition 


M  «  L  , 


(9.8.15) 


and  here  we  encounter  a  situation  which  has  no  analog  in  the  measurement 
problem  of  electrodynamics  which  Bohr  and  Rosenfeld  considered.  It  turns  out, 
as  a  result  of  the  complete  analysis  of  the  sources  of  uncertainty  in  the 
measurement  of  which  are  present  in  addition  to  that  expressed  by 

(9.8.12),  that  this  situation  has  a  more  fTjndamental  significance  thah 
the  mere  breakdown  of  an  approximation  method.  We  now  examine  these 
additional  sources  of  uncertainty. 

To  begin  with  it  is  necessary  to  point  out  that  the  boundary  of  the 
space-time  averaging  domain  is  not  defined  with  infinite  precision  by  the 
experimental  arrangement.  In  addition  to  the  zero  point  oscillations 
there  Eire  two  sources  of  uncertainty  in  this  boundary:  (l)  an  imcertainty 
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in  the  range  of  the  time  interval  T  due  to  the  fact  that  the  measurements 
of  the  strain  momenta  n*  and  «“  actually  occupy  finite  time  intervals 
At;  (2)  an  vincertainty  in  the  spatial  houndaries  due  to  the  strain  stiff ered 
by  the  test  body  during  the  measurement  process.  As  for  the  tmcertainty  in 
time  it  is  clear  that  we  must  assume 

At  «  T  ,  (9.8.14) 

if  Eq.  (9.8.10)  is  to  be  at  all  usable.  On  the  other  hand,  it  must  be 
borne  in  mind  that  if  At  is  taken  too  small,  the  uncertainty  in  the  total 
mass  of  the  clocks  will  become  great  enough  to  violate  the  weak-field 
condition  on  which  Eq.  (  9.8.icj  is  based.  It  will  turn  out  that  these 
conflictinft.  .requirements  can  be  balanced  only  if  a  fundamental  limitation 
is  Imposed  on  the  size  of  allowable  measurement  domains. 

The  uncertainty  in  the  spatial  boundaries  will  remain  within  tolerable 
limits  only  if  s^^j^  remains  small,  compared  to  unity  throughout  the  interval 
T  •  From  Eq.  (9.8.5)  this  is  seen  to  impose  the  requirement 


EiiT®  «  1 


(9.8.15) 


Following  Bohr  and  Rosenfeld  it  will  be  convenient  to  confine  our  attention 
to  the  case 


T  <  L  ,  (9*8.16) 

which  permits  an  approximate  approach  to  a  limiting  situation  analogous  to 
non-relativlstlc  particle  mechanics,  in  which  a  strict  temporal  order  can 
be  assigned  to  measurement  sequences.  Equation  (9.8.15)  then  becomes 
simply  a  special  case  of  the  general  weak  field  condition 
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9 


(9-8.17) 


RL®  «  1 

where  R  denotes  the  magnitude  of  a  typical  component  of  the  Rlemann  tensor. 

In  the  electromagnetic  measurement  problem  Bohr  and  Rosenfeld  kept  the  spatial 
boundary  within  tolerable  limits  by  choosing  the  mass  of  the  test  body  srofficiently 
large.  In  the  present  problem  the  same  result  is  achieved  by  the  weak  field 
condition,  whereas  the  mass  now  ploys  the  role  previously  played  by  the  charge. 

This  is,  of  course,  quite  reasonable  in  view  of  the  physical  significance  of 
mass  in  the  theory  of  gravitation.  It  will  become  evident,  furthermore,  that 
the  lack  of  a  freely  adjustable  charge-to-mass  ratio,  which  has  sometimes  been 
predicted  as  on  obstable  to  the  measurability  analysis  for  gravitational  fields 
(see,  e.g.,  Rosenfeld,  1957),  iQ  fact  poses  no  obstacle  other  than  a  limitation 
on  the  smallness  of  allowable  measurement  domains. 

The  magnitude  of  the  errors  introduced  by  the  iurprecision  of  the 
boundaries  of  the  space-time  averaging  domain  is  proportional  to  the  absolute 
magnitude  of  K,-,  Itself,  and  can  surpass  all  limits  as  becomes  arbitra¬ 

rily  large.  As  Bohr  and  Rosenfeld  have  enpniphnsized,  however,  this  circumstance 
corresponds  only  to  the  general  limitation  on  all  physical  measurements,  whereby 
a  knowledge  of  the  order  of  magnitude  of  the  effect  to  be  expected  is  always 
necessary  for  the  choice  of  appropriate  measuring  instruments.  In  the  measur¬ 
ability  problem  we  are  Interested  in  fields  ^ich  are  so  weak  as  to  place  us 
clearly  in  the  quantum  domain.  Such  fields  are  those  for  which  fluctuation 
phenomena  become  significant.  The  strength  of  the  fluctuations  involved  in 
a  given  measurement  is  effectively  determined  by  the  magnitude  of  the  commutator 
taken  between  a  typical  pair  of  field  quantities  similar  to  the  field  quantity 
being  measure.  A  typical  situation. 
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and  the  one  which  must  be  studied  in  carrying  out  the  complete  analysis  of 
the  measurability  problem^  involves  the  measurement  of  two  field  ccm^ponents 
averaged  respectively  over  two  overlapping  space- time  domains •  Here  the 
test  bodies  themselves  must  be  assumed  to  interpenetrate  one  another  without 
interaction,  although  prior  to  their  respective  time  intervals  T  they  should 
be  bound  firmly  together  so  that  they  have  no  relative  velocity  at  the 
l^eglnnlng  of  the  measurement*  A  local  quasi-Cartesian  coordinate  system 
may  be  introduced  which  embraces  both  bodies  at  once,  or  else,  according 
to  convenience,  two  such  systems  may  be  introduced,  each  centered  on  one  of 
the  bodies  and  oriented  psurallel  to  its  edges,  the  two  bodies  being  assumed 
to  be  quasi-cubes  of  corntparable  volume*  The  bodies  will  be  distinguished  by 
the  labels  I  and  II  *  If  the  direction  cosines  of  the  x^-axes  of  the 
two  bodies  with  respect  to  the  common  coordinate  system  are  and 

respectively,  then  the  commutator  of  the  field  averages  measured  by  the 
two  bodies  over  their  respective  time  intervals  is  given  by 


/cT  -T  5,T  rT 
ac®  bd  ^ 


w  -  )V*^D(x  -  X*)* 

ad  be  ab  cd'  ' 


(9*8*18) 


Here  the  subscripts  11  have  been  dropped  on  the  E  ,  and  weight  functions 
and  appropriate  to  the  measurement  of  the  field  components 

for  the  two  bodies  respectively  have  been  introduced*  In  a  coordinate 
system  centered  on  one  of  the  test  bodies  and  oriented  with  it,  the  weight 
function  is  given  by 

Wg(x)  s  6  L"V^(x^  +  I  L)(|  L  -  x^)0(x^  +  I  L)0(|  L  -  x^)0(x2  +  |l)0(|l  -  x^) 
X  0(x^  L)0(|  L  -  x3)0(x°)0(T  -  x°)  ,  (9-8.19) 
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9  denoting,  as  usual,  the  step'  function,  and  the  origin  of  time  "being  taken 
at  the  beginning  of  the  measvurement  interval. 

By  introducing  the  explicit  form  (9.7.^)  of  the  transverse-field  projfed'tlon 
operator,  performing  a  niamber  of  Integrations  by  parts,  making  use  of  the 
wave  equation  (9*7*^^)  satisfied  by  D(x  -  x* ),  and  finally  splitting  D(x  -  x* ) 
into  its  advanced  and  retarded  parts  while  taking  note  of  the  reciprocity 
relations  satisfied  by  these  parts,  it  is  not  hard  to  show  that  Eq. (9.8.18) 
may  be  rewritten  in  the  form 

[1^,  =  i  ,  (9.8*20) 


where 


A^^^^  .  Wg^^(x*)  D"(x*-x) 

“  ®ab®cd^'^E  >0000^^)  "  ^  ^ac'^E  >bd00 

^  ^dV,abOO<^>  ^  V,abcd(^)  ^  • 

J-he  verification  of  the  uncertainty  relation 


^ab'^E  >od00 


(x) 

(9*8.21) 


^=11  1.1,11 

AE  AE  ~  JA  ' 


(9*8.22) 


which  follows  from  Eq,  (9*8.20)  will  be  the  main  task  of  this  section. 

The  magnltued  of  the  quantity  in  the  case  of  partial 

overlap  of  the  space-time  regions  and  ^  estimated  by 

inserting  the  Fourier  decomposition  (957^5®)  of  the  propagation  function 
into  (9.8.18)  and  performing  the  space-time  integrals  first  and  the  momentum 
integration  last.  Assuming  ~  ~  L  and  T^.  ~  ~  T  one  obtains, 

for  the  square  root  of  this  estimate,  the  critical  field  strength 
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crlt 


,-5 

1 

when 

,  ^  T 

2 

when 

(9.8.^) 


below  which  quantum  phenomena  beocxne  important.  The  value 
R  *  L”^  being  always  the  smaller  of  the  two  given  in  (9*8.^),  we  shall 
be  safe  in  using  it  in  all  cases.  The  criterion  of  accuracy  for  testing  the 
formalism  in  the  quantum  domain  is  then 


A  E  ~  X  R 


crlt 


XL 


-3 


(9.8.24) 


where 


X  «  1 


(9-8.25) 


for  all  sources  of  vmcertainty  * 

The  critical  field  strength  represents  the  magnitude  of  the 

quantum  fluctuations.  These  fluctuations  must  themselves  satisfy  the  weak- 
field  condition  (9.8.I7)  if  the  experimental  arrangement  is  to  have  any 
utility.  From  this  it  follows  that  we  must  have 


L  »  1  . 


(9-8.26) 


A  still  more  stringent  limitation  is,  in  fact,  required  if  complete  consistency 
between  formalism  and  measurement  is  to  be  achieved.  For,  returning  to 
Eq-  (9-8.12)  and  taking  note  of  the  necessary  restriction 


^11  «  1  , 


(9-8.27) 


we  see  that  the  mass  of  the  test  body  must  satisfy 


M  ~ 


12 


~  12 


As 


11 


X  ASj^^  T 


»>  1 


(9-8.28) 


156 


if  an  accviracy  is  to  be  attained  sufficient  to  test  the  formalism  in  the 
quantum  domain.  From  condition  (9.8.13)  it  therefore  follows  that 

L»»l.  (9.8.29) 


We  note  that  if  e3q>erimentally  known  elementary  particles  (masses  between 
j_q”22  IS”^®  )  are  used  in  the  construction  of  the  test  body,  condition 

(9.8.28)  implies  that  a  very  large  niunber  will  be  needed.  This,  of  course, 
fits  well  with  the  representation  of  the  test  body  as  a  continuous  medium. 
Furthermore,  it  vinderscores,  as  in  the  case  of  electrodynamics,  the 
inappropriateness  of  attempts  to  use  individual  point  particles  as  test 
bodies  in  making  accurate  field  measurements  (Landau  and  Peierls,  1931^ 
Anderson,  1954;  Salecker,  1957).  Indeed,  it  is  only  by  using  extended  test 
bodies  that  uncertainties  due  to  the  forces  of  radiation  reaction  may  be 
ignoredi  In  the  present  example  these  uncertainties  arise  from  uncertainties 
in  the  stress-energy  density  of  amount 


AT 


ML"^As 


11 


(9.8.30) 


[see  also  Eqs.  (9. 8., 59),  (9.8.60)  and  (9.8.65)]  which  themselves  arise  from 
the  process  of  meas\aring  the  initial  and  final  values,  n’  and  n  ,  of 
the  strain  moment\im  during  the  time  intervals  At  .  During  such  time  intervals 
the  uncertainty  (9.8.5O)  gives  rise  to  an  uncertainty  in  the  Riemann  tensor 
of  compar-able  magnitude,  which  in  turn  produces  an  additional  uncertainty  in 
7t*  and  7t"  beyond  that  determined  by  the  uncertainty  relation  (9.8.9), 
namely 

Bn  ~  ^  ML^  At  at  ~  ^  M^l"^  At  As,^^  .  (9.8.51) 
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This  additional  uncertainty  may. be  neglected  in  comparison  with  An  by 
choosing  At  so  small  that 

1  »  8n/An  ~  M^L"^  At(As^j^)^ 

~  12  l" At(Z^3^^)‘^  ~  12  ^  I  .  (9.8.52) 

We  have  already  pointed  out,  however,  that  At  must  not  be  chosen  so  small 
that  the  mass  M  violates  the  weak- field  condition  (9.8.I5).  It  is  easy 
to  see  that  this  caution  again  leads  to  the  limitation  (9*8.29)  011  the 
smallness  of  allowable  measurement  domains. 

Before  proceeding  to  the  verification  of  the  xincertainty  relation 
(9.8.22)  it  is  still  necessary  to  investigate  the  physical  means  by  which 
the  strain  momentum  is  measured  and  the  sources  of  error  to  which  the  pro¬ 
cedures  Involved  unavoidably  give  rise.  In  order  to  do  this  it  will  first  of 
all  be  necessary  to  drop  the  xmtenable  original  assumption  of  strain-rigidity 
for  the  test  body.  It  is  apparent  from  the  foregoing  discussion  that  it  is 
only  the  degree  of  uncontrollability  in  the  strain  which  need  be 

uniform.  This,  however,  can  be  arranged  by  a  prescription  for  the  measurement 
process  which  does  no  violence  to  the  relativity  principle.  At  the  beginning 
of  the  interval  T,  instead  of  adjusting  the  elastic  moduli  so  as  to  insure 
strain-rigidity  we  simply  let  them  all  fall  abruptly  to  zero.  One  may 
Imagine  this  change  to  be  brought  about  by  a  loosening  of  the  coupling 
between  the  consituent  particles,  which  transforms  the  medixam  into  an 
ensemble  of  free  particles.  Because  of  the  retardation  of  forces  the  actual 
decoupling  process  must  occupy  an  interval  of  time  at  least  as  big  as  the 
interparticle  spacing  £.  If  the  original  elastic  moduli  are  chosen  big 
enough  to  make  the  sound  velocities  approach  the  velocity  of  light  this  time 
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interval  will  loe  of  the  order  of  the  period  of  the  short  wavelength  (~<) 
oscillations  of  the  constituent  particles.  The  time  intervals  At  for  the 
subsequent  measurements  of  the  strain  momentum  may  also  be  taken  of  comparable 
meignltude . 

The  zero  point  coupling  energy,  which  was  shown  in  Section  5  to  be  small 
compared  to  the  total  mass,  does  not,  of  course,  simply  disappear,  but  must 
be  accoxmted  for.  It  may  be  imagined  as  temporarily  stored  within  the 
constituent  particles  themselves.  However,  it  is  not  necessary  to  be  precise 
about  the  mechanism  for  accomplishing  this.  The  lack  of  a  detail  prescription 
in  this  regard  Is  not  to  be  understood  as  implying  any  fundamental  xmcertainty 
in  the  Riemann  tensor  arising  from  this  source.  It  is  enough  to  know  that 
such  a  prescription  is  in  principle  possible. 

The  measurement  of  the  strain  momentxim  is  most  easily  carried  out  by  a 
simple  generalization  of  the  Doppler  shift  technique  employed  by  Bohr  and 
Rosenfeld.  At  a  given  moment  prior  to  the  interval  T  a  light  source  which 
is  located  within  a  relatively  small  region  at  the  center  of  the  test  body, 
and  which  may  itself  be  regarded  as  a  component  of  the  test  body,  emits  a 
bundle  of  electromagnetic  radiation  of  duration  no  greater  than  At.  By 
means  of  suitably  placed  mirrors  portions  of  this  radiation  are  progressively 
delayed— -for  example,  by  temporary  trapping  in  a  central  slab  at  right 
angles  to  the  axis- — so  that  the  radiation  bundle  becomes  an  "extended 

projectile"  which  strikes  all  portions  of  the  test  body  at  the  same  instant 
immediately  after  the  coupling  between  the  constituent  particles  is  removed. 
The  state  of  the  radiation  bundle  just  prior  to  impact  with  the  test  body 
may  be  described  in  terms  of  photon  density,  which  is  arranged  so  as  to  be 
proportional  to  the  magnitude  of  the  coordinate  and  independent  of 
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and  x^,  with  the  photons  themselves  propagating  parallel  to  the  x^ 
axis,  in  the  positive  direction  for  positive  veilues  of  x^  and  in  the 
negative  direction  for  negative  values  of  x^.  By  means  of  mirrors 
attached  to  the  constituent  particles  of  the  test  body  the  radiation  bundle, 
as  a  result  of  the  Impact,  is  reflected  back  to  the  central  source  where  it 
is  analyzed  spectroscopically  for  a  determination  of  the  Doppler  shift. 
Although  the  radiation  bimdle  is  here  described  in  terms  of  photons  it  is 
to  be  eo^haslzed  that  these  photons  are  emitted  coherently,  eind  there  is 
never  auay  question  of  measuring  the  momenta  (relative  to  the  central  plane) 
of  the  constituent  particles  individually.  Only  the  total  strain  momentum 
is  measured,  for  only  then  can  the  minimum  uncertainties  expressed  by 
(9.8.9)  be  achieved.  Under  these  circumstances  the  uncertainty  AE  in  the 
total  energy  of  the  radiation  bundle  will  satisfy  the  relation 

AE  At  ~  1  .  (9*8-53) 

The  coherence  of  the  emission  process  furthermore  implies  that  the  quantity 
AE  also  represents  the  \incertainty  in  the  total  mass  of  the  clocks  which 
are  needed  to  time  the  emission  process.  In  fact,  the  emission  process  may 
be  regarded  as  a  transfer  of  energy  from  the  clocks  to  the  radiation  field. 
Simllsirly  the  subsequent  removal  of  the  interparticle  coupling  may  be 
regarded  as  a  coherent  transfer  of  energy  from  the  coupling  mechanisms  to 
the  clocks,  having  a  comparable  uncertainty  in  total  magnitude. 

Since  the  strain  is  no  longer  required  to  be  uniform  during  the  interval 
T  the  definition  (9.8.8)  of  the  strain  momentum  must  be  modified.  The 
appropriate  generalization  is  simply 

Ito 


(9.8.54) 


where  the  sunmation  is  extended  over  the  constituent  particles  of  the  test 
body  x"  and  p,  being  the  x^-components  of  position  and  momentum  of  the 
T  th  particle  respectively.  It  is  easy  to  see  that  this  definition  reduces 
to  (9*®.®)  when  the  strain  is  uniform,  with  p^^  =  m  see,  further¬ 

more,  that  Eq.  (9.8.10)  retains  its  validity  it  is  only  necessary  to  note 
that  we  now  have  s^^  =  that  Eq.  (9,8.2)  replaced  by 


^^1,1  =  ^11  • 


(9.®.55) 


Hence 


6  +  I  L)(|  L  -  x^')  bV^,^  d5^ 

V 

12L-5J  x^8‘4d5x, 

V 

T"^  /Eii  dx°  =  12  Jpq  x^(&z^"  - 

T  V 

=  12  ^  ^\(Pit"  ■  PlT*^ 


=  12  M'^L"%'"^(n"  -  «•). 


(9.8.56) 


(9.®-57) 


In  order  to  verify  that  the  prescribed  radiation  bundle  actually  measiires 
the  strain  momentvan  (9.8.54)  it  is  necessary  to  compute  the  exchange  of  energy 
and  momentum  between  photons  and  particles.  We  assume  that  all  the  photons 
have  as  nearly  as  possible  the  same  angular  frequency  gOq  .  Their  actual 
frequencies  cu*  will  genereaiy  differ  from  aUq  by  amounts  of  order  AE 
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Batisfyinjj  coddition  (9-8.33).  Because  of  their  coherence  the  uncertainty 

as  heis  already  been  mentioned.also 

in  their  total  energy  Vlll,  a  ^  eqpial  to  ^  .  In  the  discussion  which 
immediately  follows  we  use  the  prime  and  double  prime  to  denote  respectively 
"before"  and  "after"  the  collision  between  the  particles  and  photons.  For 
positive  values  of  we  have 


(9-8*58) 


(9.8.39) 


where  n  is  the  number  of  photons  striking  the  t  th  particle  and  where 

T 

the  velocities  imparted  to  the  particles  are  assumed  to  be  monrelativistic. 

The  latter  assumption  will  be  valid  provided 

n^ojQ  «  m  ,  (9.8.40) 

which  requires  that  the  total  photon  energy  shall  remain  small  compared  to 
the  rest  energy  of  the  test  body.  From  Eqs.  (9*8.58)  and  (9*8.59)  oae 
obtains 

-  ^^  (“*  “")  >  (9*8. 4l) 

n 

T 

and  for  negative  values  of  x^^  the  same  expression  is  obtained  with  the 
opposite  sign.  The  condition  (9.8. 4o)  insures  that  the  mean  frequency  cOq 
of  the  radiation  bundle  will  be  large  compared  to  the  Doppler  shifts  co*  -  co". 
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If  it  is  also  taken  large  compared  to  the  frequency  spread  CE  we  may 
write,  to  good  approximation, 

Pit*  *  I  “  ^  (9-8-1»2) 


au3  lienee 


„*  =  ^1“  -X (9-8.43) 


Since  n^  is  assumed  to  be  proportional  to  1^  first  term  of 

Eq.  (9.8.43)  is  siniply  proportional  to  (“’  "  hence  the 

mean  total  Doppler  shift,  which  may  be  deter^ned  immediately  from  the 
spectral  analysis  of  the  reflected  radiation  bundle,  gives  a  direct  measure 
of  the  strain  momentum. 

The  factor  of  proportionality  between  n^  and  1^  is  readily 
obtained  from  the  observation  that  as  a  result  of  the  collisions  with  the 
photons  the  constituent  particles  of  the  test  body  will,  during  the  colli¬ 
sion  time  At,  undergo  uncontrollable  displacements  in  addition  to  the 
displacements  which  they  would  undergo  in  the  absence  of  the  measiirement, 


of  order 


AKj^^  =  (p^"  -  P^* )  At  . 


(9.8.44) 


Imposing  the  uniform  strain  requirement  ~  ^^V^ll  taking  note 

of  Eq.  (9.8.58)1  therefore  infer 


“t  '  I  “  (Z^3^3^/At)lx^^l  «  m  L  As^^. 


(9.8.45) 


From  Eq.  (9.8.43)  it  then  follows  that  the  uncertainty  in  the  strain  momen- 
t\jm  measurement  is  given  by 


143 


Ajt  ■  ^  (oj*  -  o)”] 


(9.3.1*6) 


Since  the  energy  of  the  final  radiation  hundle  is  measured  with  arbitrary 
precision  in  the  spectral  analysis^  the  uncertainty  in  the  mean  total  Doppler 
shift  is  due  entirely  to  the  initial  energy  uncertainty; 


'II 


(co*  -  co")  =  AE. 


(9-8*'^7) 


Equation  (9.8.46)  together  with  the  uncertainty  relation  (9*8»35)  therefore 
leads  again  to  (9.8.9),  showing  that  the  conjugate  relationship  between 
and  jt  is  maintained  even  though  the  test  body  is  no  longer  strain-rigid. 

We  may  note  that  the  condition  »  AE  together  with  (9.8.40)  further 
reinforces  the  limitation  (9‘8*29)  on  the  smallness  of  allowable  measurement 


domains.  We  have 


L  »  M  »  2^  n^co^^  »  At"^  ^  . 


(9.8. 148) 


On  the  other  hand,  we  must  evidently  have 

^n^>»  1  , 


(9.8.49) 


which  together  with  (9.8.52)  leads  to 


L  »> 


X  f  <"=I 


Ut)^  »>  1 


(9-8-50) 


Under  restrictions  of  such  stringency  the  composition  of  the  radiation  bundle 
can  easily  be  arranged  so  that  the  condition  (9*8.49)  is  compatible  with 
(9.8.45),  which,  in  combination  with  (9.8. I2)  and  (9*8.24)  yields 
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(9-8-51) 


^11  “  H  L  . 

T 

Before  completing  the  detailed  description  of  the  measurement  process  let 
us  enumerate  the  sources  of  uncertainty  in  the  field  measurement  which  remain 
to  he  discussed.  These  are:  (l)  the  disturbance  in  the  field  produced  hy  the 
uncontrollable  component  of  the  stress-energy  density  resiilting  from  the 
strain  uncertainty  As^^^  associated  with  the  measurement  of  n*j  (2)  the 
disturbance  produced  by  the  radiation  bundle;  (5)  the  boundary  imcertainties 
arising  from  the  zero  point  oscillations  of  the  test  body;  (4)  the  dist\irbances 
produced  by  compensation  mechanisms  which  will  presently  be  introduced.  Of 
these  we  shall  show  that  only  the  first  is  significant  under  the  limitations 
which  have  already  been  imposed  on  the  structure  and  dimensions  of  the  test 
body  and  the  parameters  of  the  measurement. 

As  far  as  the  radiation  bundle  is  concerned  the  only  uncertainty  which  its_ 
emission  produces  in  the  gravitational  field  is  that  due  to  the  uncertainty 
AE  in  the  energy  transferred  to  it  from  the  group  of  clocks  constituting  the 
radiation  source  at  the  center  of  the  test  body.  The  main  effect  which  the 
emission  of  the  radiation  bxaidle  has  on  the  gravitational  field  can  be  cem- 
puted  in  advance - and  hence  allowed  for - from  a  detailed  knowledge  (avail¬ 

able  in  principle)  of  the  structure  of  the  radiation  source  and  the  arrangement 
of  the  various  mirrors.  This  point  is  important  since  the  same  argument  also 
applies  to  the  test  body  itself.  As  has  been  pointed  out  by  Heitler  (1954)  it 
is  only  the  uncontrollable  motion  of  the  test  body  which  gives  rise  to  an 
uncertainty  in  the  field.  In  the  present  case  this  motion  produces  a  quad- 
rupole  change  in  the  stress-energy  tensor,  of  magnitude  given  by  (9.8.50). 

The  monopole  field  of  the  test  body,  on  the  other  hand,  is  already  known,  and 
does  not  need  to  be  compensated  for— by  introducing,  for  ejfflmple,  charges 
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of  opposite  sign  as  Bohr  anH  Rosenfeld  did  for  the  measrirement  of  the  elec- 

trcanagnetic  field.  Biis  is  fortunate  in  the  present  case,  since  negative 

30 

masses  do  not  exist. 

The  uncertainty  in  the  energy  exchange  between  radiation  sorirce  and 
radiation  bundle  gives  rise  to  an  uncertainty  in  the  stress-energy  density  of 
order 

6T  =  L"^  AE  ,  (9* 8*52) 


which  is  also  the  same  as  the  order  of  the  uncertainty  involved  in  the  energy 
exchange  between  the  interparticle  coupling  mechanisms  and  the  clocks,  which 
takes  place  when  the  elastic  moduli  are  altered.  The  ratio  of  the  uncertain¬ 
ties  (9.8.52)  and  (9*8.30)  may  be  expressed  in  the  forms 


OT  ^  AE 
AT 


1  Aj.  i:.  -1  T_ 

l2  5E^  12-  ^  At 


» 


1  1 
X  T  * 


(9*8.53) 


the  final  inequality  following  from  (9*8.52).  It  is  seen  that  the  uncertainty 
6T  may  be  neglected  im  comparison  with  AT  provided 


T  »> 


»  1. 


(9*8.54) 


This  is  the  first  instance  in  which  we  have  encountered  an  absolute  limitation 
on  T  .  We  note,  whoever,  that  such  a  limitation  was  already  iniplied  by  the 
conditions  (9*8.13),  (9*8.27)  and  (9*8.28); 

T  »  ~  ^2  ^  I  »>  1  *  (9*8.55) 


The  zero-point  oscillations  of  the  test  body  are,  for  measurement 
theoretical  purposes,  the  same  as  those  computed  nonrelativistically  in 
Section  5.  This  follows  at  once  from  a  consideration  of  the  relative 
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magnitudes  of  the  elaaents  of  the  lower  right  hand  corner  of  the  wave-operator 
matrix  appearing  in  Eq.  (9-6.29).  In  view  of  the  conditions  (9.8-15)  and 
(9-8.^)  the  mass  density  of  the  test  body  is  extremely  small  compared  to 
unity^.  and  therefore  t  Fq.  are  negligible  compared  to 

.  The  Green's  functions  G  1  *  ^~e"5"7'8' 

t(  ft 

•  consequently  negligible  compared  to  G*^  ,  the  spatial  components  of  which 

are  well  approximted  by  Eq.  (9-5- *<8)  Thus,  although  the  vacuum  fluctuations 
of  the  gravitational  field  in  principle  contribute  to  the  zero-point  oscil- 
lations  of  the  test  body,  in  practice  they  may  be  neglected.  Condition 
^g.5,59)  may  therefore  be  invoked  directly  to  show  that  the  imprecision  of 
the  boundary  of  the  test  body  due  to  the  initial  position  uncertainties  of 
its  component  particles  is  con^letely  negligible.  The  only  question  which 
remains  concerns  the  diffusion  of  this  boundary  in  time  due  to  the  statistical 
distribution  of  zero-point  velocities  which  exists  just  prior  to  the  decoupling 
of  the  particles.  The  magnitude  of  this  diffusion  is  determined  by  the 
average  value  of  the  product  v^v^  in  the  ground  state.  Making  use  of 
Eq.  (9-6.69)  and  neglecting  all  the  propagation  functions  except  G^^,  >  we 
have,  repeating  the  arguments  vdiich  led  up  to  Eq.  (9-5-55), 


\  v  v„ 
'  a  a 


)  - 


11m 


i  G 


(+) 


'(0)(0') 


(9.8.56) 


Introducing  the  Fourier  decomposition  (9-5-^)  and  the  phenomenological 
cut-off  (9.5-56),  we  then  find 


(9-8.57) 


In  view  of  the  conditions  (9-5-60),  (9-5-61)  and  (9-8-16)  it  therefore  follows 
that 
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«  L 


f 


(9.8.58) 


1 


which  shows  that  the  hotindary  diffusion  may  also  be  neglected. 

The  motion  imparted  to  the  test  body  in  the  photon-particle  collision 
process  cannot,  however,  be  similarly  ignored.  It  must,  in  fact,  be  cancelled. 
This  is  accomplished  by  a  procedure  due  to  Bohr  and  Bosenfeld.  Immediately 
after  the  time  interval  At  ,  during  which  the  initial  strain  momentm  n' 
is  measured,  we  give  each  particle  an  impulse  \diich  is  precisely  opposite  to 
the  impulse  it  received  from  the  radiation  btmdle,  whereby  the  particle  is 
again  brought  to  "rest,"  to  the  same  degree  of  accuracy  as  previously  per¬ 
mitted  by  the  zero  point  oscillations.  In  the  present  case  this  is  conveniently 
accomplished  by  having  each  particle  emit  a  burst  of  photons  in  an  appropriate 
direction.  The  same  process  may  also  be  used  during  the  time  interval  At 
in  the  transverse  slab  used  for  the  entrapment  and  delay  of  the  original 
photons,  in  order  to  prevent  uncontrollable  displacements  from  occurring  in 

this  region.  The  stress-energy  density  of  the  additional  photons - and  hence 

their  gravitational  effect— can,  liXe  that  of  the  original  radiation  bundle, 
be  taken  into  account  to  the  accuracy  6T  given  by  Eq.  (9* 8.52) • 

At  the  end  of  the  time  interval  T  the  same  strain-momentum  measxirement 
process  must  be  repeated,  to  obtain  a  value  for  n".  Immediately  following 
this  measurement,  however,  the  interparticle  coupling  forces  are  restored  and 
the  test  body  resumes  its  previous  dimensions.^  The  uncontrollable  part  of 
the  stress-energy  density  therefore  vanishes  prior  to  the  time  interval  T 
while  inside  of  this  interval  it  is  equal  to  that  produced  by  a  constant 
uniform  strain  As^^  .  After  the  interval  T  a  memory  of  the  strain  As^^^ 
is  left  in  the  contribution  which  it  makes  to  the  vibrational  energy  upon 
restoration  of  the  elastic  forces.  This  contribution  is,  however,  of  order 


lue, 


and  is  easily  seen  to  be  negligible.33  The  (0)l  and  11  components  of 
he  uncertainty  in  the  strain  tensor  are  therefore  expressible,  to  good  accuracy, 
in  the  forms 


+  I  PqIASii  [8(x^  +  I  L)  +  6(|  L  -  x^)]) 

X  0(x2+  |l)0(^  -  x2)e(x3  +  |l)0(|l  -  x3)e(x°)0(T  -  x°),  (9-8,59) 

^(0)1  "  ^l(o) 

=  -  P(^^x^0(x^  +  |l)0(|l  -  x^)0(x2  +  |L)e(|  -  x2) 

X  0(x3  .  I  l)0(|l  .  x3)[6(x°)  -  6(T  -  X°)3,  (9-8-60) 

the  use  of  delta  functions  to  represent  effects  at  the  boundary  of  the  space- 
time  averaging  domain  being  permitted  because  of  the  smallness  of  As^  and  At- 
The  first  term  Inside  the  curly  bracket  in  Eq.  (908-59)  represents  the  effect 
of  the  change  in  mass  dnesity  due  to  the  expansion  ASjj^  while  the  second  term 
represents  the  additional  surface  layer  of  mass  on  the  ends  of  the  test  body  pro-f 
duced  by  this  expansion.  Equation  (9.8,-60)  describes  the  momentum  density 
associated  with  the  sudden  changes  in  the  strain  at  the  beginning  and  end  of 
the  interval  T,  It  is  readily  verified  that 


AT 


(O)' 


(O) 


^(0)  ,1 


=  0 


(9,8,61) 


inconformity  with  the  requirement  that  the  uncertainty  in  the  stress-energy 
density  must  be  independently  conserved.  This  requirement,  in  fact,  leads  us 
to  infer,  from  the  conservation  law 
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I 


the  existence  of  a  moaentum  fltix  conqponent 


(9.8.62) 


^11  “  “  x^)e(x^  +  |l)0(|l  -  x^)0(x2  +  |l)0(|l  -  x^) 

X  e(x^  +  |l)0(|l  -  x3)[&»(x°)  +  6»(t  -  x°)}  ,  (9.8.63) 

describing  the  uncertainty  in  the  exchange  of  momentuBi  between  the  test  body 
And  the  two  radiation  biondles.  It  will  be  noted  that  the  above  conservation 
laws  may  be  immediately  obtained  from  the  compact  and  (as  it  turns  out)  very 
important  representations 


0 

0 

^(0)" 

■  15  "u  ”e.oi  , 

^11 

-  fe  “11  “e,00  > 

(9.8.61^) 


where  W_  is  the  weight  function  (9.8.I9),  All  the  other  components  of 

£1 

vanish.  In  an  arbitrary  quasi-Cartesian  coordinate  system  we  have 


^(0)(0) 

^(0)  a 

•  15  “b  “e,oi. 

^ab 

-  15  “b  "e,oo 

(9.8.65) 


where  the  a  are  the  direction  cosines  of  the  x  -axis  fixed  in  the  test 

£t 

body  and  the  subscripts  on  the  strain  uncertainty  have  been  dropped. 

The  gravitational  effect  of  the  xmcontroUable  ccoponent  of  the  stress- 
energy  density  will  be  examined  in  the  case  of  the  measurement  of  a 
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single  field  average  .  Due  to  the  self-actions  of  the  test  body 
Eq.  (9.8.10)  must  now  be  replaced  by 


”1"  ■  "i*  “12  •  (9.8.66) 

Here  represents  the  gravitational  field  due  to  the  entire  test-body- 

photon  complex  averaged  over  the  space- time  domain  defined  by  the  test  body 
itself.  If  this  were  completely  controllable  it  could  be  computed  in  advance 
and  used  in  the  equation 


=  12  (n^"  -  Hj')  -  (9.8.67) 

to  express  the  field  average  which  would  exist  in  the  absence  of  the 

test  body  in  terms  of  the  experimental  data  n*  and  n"  .  As  it  is,  however, 
the  vincertainty  in  the  stress-energy  density  gives  rise  to  an  uncertainty 
in  the  field, which  satisfies  equation  (9.7.27)  with  E^^^  and 
replaced  by  and  respectively.  Solving  this  equation  with  the 

aid  of  the  retarded  Green’s  function  d”(x  -  x' )  and  making  use  of  Eqs. 
(9.8.65)  we  easily  find 

^  ,  (9.8.68) 

where  is  the  quantity  defined  by  Eq. (9.8.21),  taken  with  the  two  space- 

time  domains  identical.  Making  use  of  the  uncertainty  relation  (9.8.9)  we 
may  therefore  write  the  total  uncertainty  in  the  measurement  of  in  the 

form 

~  T— ^  M  L  |A^^^|As^  .  (9.8.69) 
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upon  minimization  with  respect  to  ^  this  reduces  to 


(9.8.70) 


which  is  a  special  case  of  Eq.  (9.2.30)  of  Part  I. 

As  was  pointed  out  in  Section  2  the  measiarement  of  any  single  observable 
should  be  performable  with  unlimited  acciiracy,  and  a  method  was  indicated  for 
accomplishing  this  by  introducing  a  compensation  mechanism.  In  the  present 
case  it  is  convenient  to  choose  a  compensation  mechanism  which  is  a  generali¬ 
zation  of  the  system  of  mechanical  springs  introduced  by  Bohr  and  Rosenfeld. 
Instead  of  allowing  the  elastic  moduli  to  fall  completely  to  zero  during  the 
time  interval  we  hold  the  component  value 


"1111 


1 

25 


H-  I  Lj)(Lj  .  i 


(9.8.71) 


We  note  that  this  value  is  conpletely  determined  by  the  parameters  of  the 
measturement  and  is  therefore  known  in  advance.  With  notrvanlshing  the 

uncontrollable  strain  As^  will  give  rise  to  mdchanical  forces  causing 
additional  displacement  of  the  constituent  particles  of  the  test  body, 

which  are  determined  by  the  equation 


-  ■  E  ”1^ 


(9.8.72) 


These  displacements  make  the  following  contribution  to  the  strain  mcmentvmi 
during  the  time  interval  T^: 

^’'i  - 
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*  1  h><l  '•I  -  *’> 

ViTi 


h  “i  h‘  h  • 


(9*8.73) 


The  uncertainty  relations  foUovlng  from  Eq.  (9*6*66)  should  therefore  he 


modified  to  read 


Anj~  ^  Mj  Tj  (^^  + 


(9*8.74) 


which  Is  equivalent  to  (9. 8. 12),  showing  that  the  effects  produced  by  the 
uncontrollable  strain  have  now  been  cancelled. 

It  Is  still  necessary  to  show  that  although  the  elastic  modulus 
(9.8.71)  produces  a  significant  effect  on  the  strain  momentum,  its  effect  on 
the  strain  Itself  during  the  Interval  T^.  Is  negligible.  This  will  be  the 
case  If  the  period  of  oscillation  of  the  strain  produced  by  this  modulus  is 
long  compared  to  T^.  From  Eq,.  (9*8.72)  we  see  that  this  period  is  given  by 

Remembering  that  ~  (^crlt^^  and  making  use  of  (9*8.13)  and  (9*8.23), 


we  have 


1 

T  Lt  Ly  2 

K  ^  ' 


(9.8.76) 


34 

which  establishes  the  utility  of  the  con5)ensation  mechanism. 

°  We  come  finally  to  the  verification  of  the  uncertainty  relation  (9*5*22) 
for  the  measurement  of  two  field  averages  and  Equation  (9.8.66) 
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must  be  replaced  by  the  pair  of  equations 


(9.8.77) 


where  the  notation  is  obvious.  Here  the  mutual  uncertainties  in  the  measure¬ 
ments  cannot  be  completely  cancelled.  As  has  been  pointed  out  in  Section  2, 
the  greatest  possible  mutual  accuracy  requires  the  use  not  only  of  compensation 
mechanisms  but  also  of  a  correlation  mechanism.  We  consider  first  the  case 
in  which  the  space-time  domains  and  overlap.  The  appropriate 

conpensatlons  and  correlations  are  in  this  case  achieved  by  introducing  non¬ 
vanishing  elastic  moduli  c,,,,  in  the  two  test  bodies  during  the  respective 
time  intervals  and  and  bringing  into  action,  during  the  interval 

of  overlap  of  ,  a  set  of  mechanical  springs  linking  adjacent 

conponent  particles  of  the  two  bodies  in  the  region  of  spatial  overlap. 

Except  in  the  case  in  which  the  x^-axes  of  the  two  bodies  are  parallel  the 
linkage  between  the  bodies  shoiad  not  be  direct;  in  the  general  case  the 
elastic  coupling  forces  should  be  transmitted  through  a  set  of  bent  levers, 
similar  to  the  one  shown  in  Fig  (9-4),  the  pivots  of  which  are  fastened  to  a 
elastic  body  which  freely  interpenetrates  the  other  two,  has  comparable 
mass,  and  remains  stiff  throughout  the  entire  measurement  process.  It  is 
not  hard  to  show  that  Eqs.  (9-8*T7)  then  tak6  the.  modified. forms 


^  *  E“’^)  -  - 


II 

''l»II®  * 


II  I  I 

V  -  "lElI®  f 


(9.8.78) 


154 


H 


0  =  COS~aa  Oa 


<6 


j..  Correlation  devioe. 


wrtcrc-  uiv.  cocx.iciuiibs  are  independent  linear  functions 

of  the  (essentially  three)  independent  elastic  constants  involved  in  the  con- 
pensation  and  correlation  devices  (see  Yeh,  I96O).  Taking  note  of  the  uncer¬ 
tainty  relations  ~  1,  ~  1  fact  that 

,  etc.  ,  (9.8.79) 


we  see 


that  by  choosing  the  elastic  constants  in  such  a  way  that 


\ 


we  may  reduce  the  uncertainty  relations  following  from  Eq,s.  (9-8.76)  to  the 


forms 


~ 


AE 


12 


M^L 


1^1“ 


12 


T  I5  ^ii 


II  2k 


(9-8.81) 

(9-8.82) 


the  product  of  which,  upon  minimization  with  respect  to  the  product  As  As  , 
reduces  to  (9-3-22). 

The  case  in  which  the  time  intervals  T^  and  overlap  while  the 

spatial  regions  do  not  has  been  treated  for  the  electromagnetic  measurement 
problem  by  Bohr  and  Rosenfeld.  Their  method  may  be  immediately  applied  also 


to  the  gravitational  problem,  but  we  refer  the  reader  to  their  paper  for 
details-  Evidently  there  will  be  no  mutual  interference  between  the  two 
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measurements  at  all  In  this  case  unless  the  test  bodies  are  separated  by 
distances  of  order  T  or  less.  Since  we  have  always  assvoned  L  >  T  ,  the 
case  of  spatial  overlap  and  the  case  In  which  the  time  intervals  do  not  over¬ 
lap  are  really  sxofflcient  to  provide  an  adequate  test  of  the  quantum  formalism. 
In  the  latter  case  the  introduction  of  a  correlation  mechanism  Is  actually 
unnecessary  since  either  or  A  (or  both)  '\anlshes.  Only  the 

individual  compensation  mechanisms  are  then  needed.  It  should,  of  course, 
always  be  remembered  that  the  explicit  form  (9*8.21)  for  the  quantities 

,  etc.  is  valid  only  in  local  regions.  If  the  two  test  bodies  are 
sitxaated  at  large  distances  from  one  another,  they  will  continue  to  provide  a 
valid  test  of  the  quantum  formalism,  but  the  Green's  function  d”(x  -  x* ) 
appearing  In  the  xincertalnty  relation  will  have  to  be  replaced  by  the  function 
G"  ,  ,  of  Eq.  (9.6.55),  which  takes  into  accotmt  the  effect  of  the  macro- 
scopic  curvature  of  space-time  on  the  propagation  of  disturbances  In  the 
gravitationeil  field. 

We  conclude  this  section  with  an  outline  of  the  measurability  analysis 

for  the  components  H  ,  of  the  Riemann  tensor.  The  test  body  which  is 

appropriate  for  measuring  averages  of  these  cornponents  consists  of  two 

mutually  interpenetrable  cubes  having  identical  masses.  Each  is  composed  of 

a  uniform  distribution  of  spinning  particles,  the  spins  of  one  being  aligned 

antipeirallel  to  those  of  the  other,  so  that  each  has  a  uniform  mass  density 

H-nd  a  uniform  spin  density,  the  latter  being  denoted  by  for  one  and 

-  <J  for  the  other, 
a 

The  measurement  process  is  based  on  the  ponderomotive  equation  (9»7*35) 
for  spinning  particles.  Outside  of  the  time  interval  T  the  two  cubes  are 
bovind  firmly  together  and  possess  elastic  modvill  which  render  them  stiff. 
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During  the  interval  T  the  elastic  moduli  drop  to  zero,  the  mutx^al  binding 
is  released,  and  the  cubes  are  allowed  to  drift  apart.  The  mutual  separation 
6z  at  any  point  satisfies  the  equation 

6k 


(9.8.83) 


the  factor  2  reflecting  the  fact  that  each  cube  possesses  a  spin  angular 
momentum.  The  measurement  of  an  average  of  the  compnent  may  evidently 

be  achieved  by  orienting  the  spins  in  the  positive  and  negative  x^-directions 
and  making,  through  a  symmetric  exchange  of  radiation  bundles  between  the  two 
cubes,  measurements  of  the  total  relative  momenta  of  the  two  cubes  in  the 
x^-direction  at  the  beginning  and  end  of  the  interval  T.  More  generally  the 
spins  may  be  oriented  along  an  arbitrary  axis  characterized  by  direction 
cosines  +^„  .  Writing 

CL 


cr 


a 


oPa  > 


(9.8.8k) 


and  taking  note  of  the  fact  that  the  "reduced  mass"  characterizing  the  relative 
momenta  corresponds  to  a  density  '^^Pq  t  then  obtain,  as  a  result  of 
measurements  of  the  relative  momenta  in  the  x^-direction. 


■>1"  -  fi'  ■ 

V  VT 

•V 


=  L  T  J  d  X  , 
VT 
3 

L  =  L'^CT  . 


(9-8.85) 


(9.8.86) 


(9.8.87) 


The  weight  factor  for  the  field  average  is  seen  to  be  uniform  in  this  case 
instead  of  parabolic. 
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We  shall  not  give  here  a  detailed  description  of  the  radiation  bundles 
used  for  the  relative  momentum  measurements,  nor  shall  we  repeat  the  analysis 
of  the  various  sources  of  xinc-crtainty  \rtiich  arise  in  the  measurement  process. 

It  is  clear  that  the  arguments  are  essentially  the  same  for 

were  for  ,  the  main  difference  being  that  the  photon  distribution  at  the 

moment  of  collision  is  now  uniform  instead  of  proportional  to  |x^|  .  The 
only  source  of  uncertainty  which,  in  the  end,  must  be  taken  into  accoiint  is 
that  due  to  the  uncontrollable  relative  displacement  resulting  from  the 

first  relative  momentum  measurement.  This  relative  displacement  is,  of  course, 
held  essentially  constait  throughout  the  time  interval  T  through  the  use  of 
a  "counter  impulse"  as  in  the  case  of  the  measurement  of  B  ,  and  is  related 
to  the  uncertainty  in  the  relative  momentum  measurements  by 

~  1  .  (9.8.88) 

The  uncertainty  in  the  measurement  of  therefore 

which,  for  every  value  of  Ax^  no  matter  how  small,  can  be  made  arbitrarily 
small  by  the  choice  of  a  sufficiently  large  value  of  L  .  The  critical  field 
strength  below  which  we  enter  the  quantum  domain  is  given  by  Eq.  (9.8.23)  a-s 
before,  and  the  condition 

A(PbHbi)  ~  1  ,  It  «  1  ,  (9-8.90) 

on  the  accuracy  of  the  meastiranent,  together  with  the  necessary  restriction 

Ax^  «  L  ,  (9.8.91) 
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yields  the  requirement 


^  “  I  fel-  ?  ^ 


(9.0*92) 


In  the  present  analysis  the  total  relative  spin  s:  behaves  like  a 
charge,  and  because  it  Is  Independent  of  the  total  mass  24  we  have  here  an 
adjustable  charge- to-mass  ratio  S/M  .  The  mass  must  be  chosen  large  enough 
so  that  the  relative  displacement  of  the  two  cubes  caused  by  the  field  to  be 
measured  remains  small  compared  to  L  during  the  Interval  T«  The  condition 
for  this  Is 


(9.8.93) 


Remembering  the  weak  field  condition 


Pb^bl'^  ^ 

(cf.  (9.8.15)]  we  see  that  this  will  be  satisfied  if  we  choose 

M  >  SL"^  »>  1 


(9.8.9^) 


(9.8.95) 


[cf.  (9*8.28)],  which,  together  with  the  condition  (9*8.13)  leads  once  again 
to  the  fundamental  limitation  (9*8. E9)  on  the  smallness  of  allowable  measure¬ 
ment  domains.  We  note  that  the  effect  of  the  spins  themselves  on  the  gravita¬ 
tional  field  may  be  Ignored  except  during  the  interval  T  ,  since  at  other 
times  they  cancel  one  another.  We  also  note  that  conditions  (9*8.92)  and 
(9.8.^)  together  Imply  that  a  very  large  number  of  elementary  spins 

(1  1.  —  .  etc.)  must  be  used  in  the  construction  of  the  test  body. 

'  2  ^  *  2  " 

The  commutation  relations  which  remain  to  be  tested  are 
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[E^  ,  if  d'**  JA' 

[gl  ,  B“)  -  ^  1  Ji\ /d'‘*'eJc»^\“%’V(*)WH“(*') 

xCsV'm  *  -  ®\y=d>^‘‘‘>(*  -  X' ).  (5-8-57) 

vhere  the  subscripts  on  the  f  end  fl  have  been  dropped  and  an  arbitrary 
quasi-Cartesian  coordinate  system  has  been  Introduced  relative  to  which  the 
spins  and  x^-axes  of  the  test  bodies  have  direction  cosines  and 

g  respectively.  The  function  Wg(x)  is  the  weight  function  appro¬ 

priate  to  the  measurement  of  H  ,  having,  in  a  coordinate  system  oriented  with 
the  test  body,  the  form 

W„(x)  s  L"V^e(x^  +  i  Ded  L  -  X^)e(x2  |  L)e(|  l  -  x^) 


X  e(x3  +  I  L)e(|  L  -  X^)  0(x°)e(T  -  x°). 


(9.8.98) 


5y  the  same  procedure  as  was  used  to  obtain  Eq.  (9.8.20)  we  may  re-express  the 
commutators  (9.8.96)  and  (9.8.97)  iu  the  forms 


[E^  ,  =  i  , 

[H^  ,  =  i  , 


(9.8.99) 

(9.8.100) 


where 

bI,ii 


II 


Ifd^ w/^(x‘)D-(x«  -  x)p^\^P^^V 
^^^®ac\d  ®ad\c  "  ^ab^cd^^H  ,0000^*^ 

■  ®ac’^H^,bd00^^^  "  ®ad'^/,bc00^^^  "  \c''H^,ad00^^^  "  ^d^H  ,ac00^^^ 


+  R  U 

®al)  H  fCdOO 


*  ®cd”H  ,ab00^*^  ,abcd^^^^  » 


(9.8.101) 
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s 


= 


w/^(x')  D-(x'  -  x)  a^W'^W\ef 

^  ®ae\d  ■  ®al3®ed^”E  »000f(^^ 

"  ^  ®ae”E^»bdOf^^^  '*’  ^ed^E  >abOf^^^^  » 


^  ®ae®bd  “  ®ab®ed^”H  >000f^^'^ 

■  ^  ®ae”H^^#bdOf  ^  ■*■  ^ed^H  #abOf^^'^^ 


(9.8.102) 


(9.8.103) 


We  consider  first  the  commutator  (9*8*99),  the  testing  of  vrtiich  requires 

s 

test  bodies  appropriate  to  the  measurement  of  both  types  of  components,  E 
nn>^  S  ,  of  the  Riemann  tensor,  together  with  suitable  compensation  and  cor¬ 
relation  metshanisms.  A  compensation  mechanism  suitable  for  the  measurement  of 
E  has  already  been  described.  The  compensation  mechanism  which  may  convenient 
ly  be  used  in  the  test  body  which  measures  fi  consists  of  a  set  of  mechanical 
springs  Joining  the  two  interpenetrating  cubes  of  which  the  test  body  is  com¬ 
posed.  The  correlation  mechanism  may  consist,  as  before,  of  a  set  of  springs 
in  the  region  of  spatial  overlap,  connecting  the  two  test  bodies  through  pivot¬ 
ing  devices  as  shown  in  Fig.  (9-^).  In  this  case  it  is  important,  however, 
that  the  springs  be  affixed  to  only  one  of.  two  interpenetrating  cubes; 
otherwise  no  correlation  is  achieved.  Under  an  arrangement  of  this  type  the 
dynamical  equations  describing  the  measxnrement  process  take  the  forms 


EllTii(?^  + 


.II 


•*1.11® 


(9.8.104) 
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The  quantity  represents  the  contribution  which  test  body  I 

makes  to  the  field  average  H  over  the  space-time  domain  defined  by  test  body 

II  •  Its  uncertainty  may  be  computed  by  inserting  the  stress-energy  vmcertainty 

(9.8.65)  into  equation  (9.7.29)  (with  and  replaced  by  and 

Av  respectively)  and  solving  the  latter  with  the  aid  of  the  retarded 
jiv 

Green's  function  D,(x  -  x*)  «  One  finds 

^  .  (9.8.105) 

In  order  to  compute  in  a  similar  manner  the  uncertainty  in  the  con¬ 

tribution  which  test  body  IE  makes  to  the  field  average  E  over  the  space¬ 
time  defined  by  test  body  I  ,  we  must  first  determine  the  form  of  the 

stress-energy  uncertainty  of  the  test  body  II  resulting  from  the  measurement 
of  the  relative  momentum  p^j'  .  This  uncertainty  receives  contributions  from 
two  sources:  from  the  mass  and  from  the  spin  of  the  test  body.  At  first  si^t 
it  wovild  appear  that  the  mass  contributes  a  dipole  term  to  \rtiich  is 

proportional  to  Ax^^  .  It  is  to  be  remembered,  however,  that  Ax^^  is  the 
relative  displacement  of  the  two  cubes  composing  the  test  body.  The  center 
of  mass  of  the  test  body  as  a  \diole  remains  at  rest  in  the  coordinate  system 
originally  defined  by  the  body.^^  Therefore  the  mass  contribution  is  that  of 
two  equal  and  outwardly  oriented  dipoles  at  opposite  ends  of  the  test  body. 
Furthermore  the  strength  of  these  dipoles  is  proportional  to  (Ax^^)^  and  not 
to  Ax^^  .  The  mass  contribution  may  therefore  be  neglected  in  comparison  to 
the  spin  contribution  which  is  of  the  first  order  in  Ax^^  .  It  is  not  hard  to 
see  that  the  latter  contribution,  in  a  coordinate  system  oriented  with  the 
test  body,  is  given  by 
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^"(0)(0) 

^a(O) 


0  > 


(9.8.106) 


-  I  L  -  x^)  -  6(xl  +  I  L)]e(x2  +  I  L)e(|  L  -  x^) 

X  e(x3  +  i  L)0(|  L  -  x3))^^e(x°)e(T  -  x°)  ,  (9.8.107) 

X  e(x^  +  I  L)0(|  L  -  x^)0(x3  +  |L)e(|L  -  x3)}^^[S(x°)  -  S(T  -  x°)  ], 

(9.8.108) 


where  the  label  "ll"  has  been  temporarily  omitted  and  where  the  implicit 
assumption  has  been  made  that  a1 1  elastic  and  binding  forces  are  restored  at 
the  end  of  the  interval  T  so  that  the  test  body  returns  to  its  original  state 
(except  for  slight  changes  resvilting  from  its  intervening  experiences  which 
may  be  neglected).  Equation  (9.8.107)  is  obtained  immediately  from  Eq. (D.I5) 
Appendix  D  by  carrying  out  a  differentiation  with  respect  to  x^  to  represent 
the  effect  of  the  displacement  The  components  given  by  Eq. 

(9.8.108)  are  then  Inferred  from  the  energy-momentum  conservation  laws.  One 
easily  verfies  that 


(0)^  >0  *  ^(O)  »a'  ° 


These  relations  also  follow  at  once  from  the  representation 


^(0)(0)  “  °  ' 


(O) 


=  i  ETAx^e  ,  p.  „  , 

2  abc  t  H7ID  ' 


^ab  2  STAX  (6^  ^acd^^d'*H>0c  * 


4 


16H 


(9.8.109) 

(9.8.110) 


(9.8.111) 


which,  in  an  arbitrary  quaai-Cartesian  coordinate  system,  takes  the  foarm 


^(0)(0)  “  °  > 

^a(O)  =  I  ^'^c«dW"H,bd  > 

^ab  “  2  ^'^^c°‘d^®ad\ec  \d®aec^”H>Oe 


(9.8.112) 


Inserting  (9.8.112)  into  the  retarded  solution  of  Eq.  (9.7.^)>  finally  get 


.  (9.8.113) 

Similarly,  inserting  (9.8.112)  into  the  retarded  solution  of  Eq.  (9.7.28)  and 
making  use  of  the  identity 


®abc^def  “  ®ad^e®cf  ®ae\f^cd  *  ^af\d® 


ce 


®ad\f®ce  '  ®af\e%d  “  ®ae\d®cf  * 


(9.8.114) 


we  find 


The  \incertainty  is  given  by  Eq.  (9.8.68)  as  before. 

If  we  now  choose  the  various  elastic  constants  in  such  a  way  that 

1  „  2t  4_  2.1,1 
*^1  ~  IW  ^  ^I  ^I  ^  ' 

K  =  E  ^  2gIIyII 
II  ^II^II  “  * 

“i,ii  ■  h  ^  > 


(9.8.115) 


(9.8.116) 
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‘then  tho  unceirtad.u'ty  rela'tlons  following  Arooi  E(].s>  (9«8«104)  take  the  forms 


«  - i| - -  +  i  ,  (9.8.117) 


7^  + 


(9.8ai8) 
I,.  II 


the  product  of  which,  upon  minimization  with  respect  to  the  product  As'^Ax^^  , 
reduces  to 


(9.8.119) 


in  accord  with  the  conmutation  relation  (9.8.99). 

The  testing  of  the  commutation  relation  (9.8.1(X))  is  again  entirely 
analogous  to  the  above.  Two  pairs  of  spin-endowed  cubes  axe  needed  in  this 
case.  The  compensation  and  correlation  mechanisms  again  consist  of  mechanical 
springs.  The  springs  for  the  correlation  mechanism  Join  a  cube  from  one  of  the 
two  test  bodies  to  a  cube  from  the  other  throu^  the  usual  pivot  devices.  The 
dynamical  equations  describing  the  measurement  process  are 


PlI  -  PlI 


“  -  Pj'  -  EjTj.(a'  ♦  . 

The  various  uncertainties  are  given  by 

Therefore,  by  choosing  the  elastic  constants  in  such  a  way  that 


(9.8.120) 


,  etc. 


(9.8.121) 
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“II  ■  =^11^1^'"'“  ' 

“i.u  -  I  VllVll'®"'”  * 

we  obtain  the  uncertainty  relations 


- ^  +  I  E 


.  4  e.tjb:"'""  - 


II  2  I  II  , 


(9-8*1S2) 


,  (9.8.123) 

,  (9-8-124) 

the  product  of  which,  upon  minimization  with  respect  to  the  product  Ax^AJc^^  , 
reduces  to 


(9.8.125) 


The  measurement  theoretical  verification  of  the  formalism  of  the  quantum  theory 
of  geometry  to  lowest  order  of  perturbation  theory  (weak- field  approximation) 
is  thus  complete. 
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(9.9)  Conclusions  and  outlook. 

The  conclusions  which  may  be  drawn  from  the  investigations  of  this  chapter 
are  the  following: 

(1)  The  Uncertainty  Principle  and  the  theory  of  measurement  lead  to  a 
well  defined  framework  within  which  to  develop  a  manifestly  covariant  formalism 
for  the  quantum  theory  of  gravitation.  The  elements  which  enter  naturally  into 
this  formalism  are  the  Green’s  functions  describing  the  propagation  of  small 
disturbances.  The  quantitative  res\ilts  of  the  formeilism  are  completely  unam¬ 
biguous  at  the  level  of  the  weak-field  approximation.  Ambiguities  connected 
with  the  choice  of  factor  sequences  can  arise,  if  at  all,  only  in  higher  orders 
of  perturbation  expansions  based  on  the  weak-field  approximation  as  a  starting 
point.  It  should  be  emphasized  once  again  that  the  weak-field  approximation  is 
an  assumption  only  about  the  magnitude  of  the  Riemann  tensor  in  any  finite  domain 
of  Interest.  It  is  not  an  assumption  about  asymptotic  conditions  or  about  the 
global  structure  of  space -time. 

(2)  Averages  of  the  gravitational  field  (i.e.,  Riemann  tensor)  over  space- 

? 

time  domains  having  dimensions  large  compared  to  10  cm.  can  be  measured  with 
a  degree  of  accuracy  well  within  the  domain  of  quantimi  phenomena  provided  that 
test  bodies  of  sufficient  refinement  but  violating  no  fundamental  principles 
are  used.  Examination  of  the  mutual  interference  of  such  measurements  verifies 
in  detail  the  statistical  predictions  of  the  quantum  formalism., 

(3)  The  gravitational  field,  like  all  other  fields,  therefore  must  be 
quantized,  or  else  the  logical  stjructure  of  qioantum  field  theory  must  be  pro¬ 
foundly  altered,  or  both.  The  possiblity  is  left  open  that  the  quantum  theory 
of  geometry  may  itself  contribute  deeply  to  the  future  development  of  quantum 
field  theory. 
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(4)  The  dimension  lO"^^  cm.  constitutes  a  fundamental  limit  on  the  small¬ 
ness  of  allowable  measurement  domains.  Below  this  limit  it  is  impossible  to 
interpret  the  results  of  measurements  in  terms  of  properties  or  states  character¬ 
izing  the  individual  systems  under  observation.  Although  this  conclusion  was 
reached  within  the  framework  of  an  investigation  based  on  the  weak-field  approxi¬ 
mation  it  is  obviously  of  general  validity.  The  very  uncertainty  in  the  energy 
of  the  devices  (e.g.,  photons)  needed  to  make  an  observation  in  such  a  small 
region^ will  in  virtue  of  the  uncontrollable  gravitational  disturbance  which  it 
produces,  completely  destroy  the  statistical  significance  of  the  results  of  the 
observation.  This  is  true  for  the  measurement  of  any  field,  not  only  the 
gravitational  field.  The  concept  of  "field  strength"  therefore  has,  below 
10“^^  cm.,  no  objective  meaning  in  terms  of  observations  performed  at  the 
classical  level.  That  is  to  say,  10  cmi  constitutes  an  absolute  limit  on 
the  domain  of  applicability  of  classical  concepts,  even  as  modified  by  the 
Principle  of  Complementarity. 

These  conclusions  give  rise  immediately  to  the  following  questions:  Why 

does  experiment  appear  to  show  that  a  practical  limit  on  the  domain  of  appli- 

-13 

cability  of  classical  concepts  already  exists  at  or  near  10  cm,?  Can 
gravitation,  in  virtue  of  this  fact,  really  have  any  connection  with  elementary 
particle  physics? 

Certainly,  doubts  must  arise  when  one  notes  that  if  test  bodies  suitable 
for  detecting  the  quantum  properties  of  the  gravitational  field  are  to  be  con¬ 
structed  out  of  normal  matter,  condition  (9-6. 28)  implies  that  they  will  will 
be  visible  to  the  naked  eye!  Even  if  one  coiild  imagine  them  to  be  constructed 
out  of  nuclear  matter  their  dimensions  would  have  to  be  at  least  of  the  order 
of  a  micron.  Conversely  it  is  only  to  b  oies  of  such  size  that  gravitational 
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efjfects  ’themselves  can  properly  he  ascribed.  Por^  if  an  a’t’ten5)’t  were  made  ■to 
measure  "the  gravl'ta'tloneLl  field  (l.e.^  Rlemann  tensor)  of  such  a  body,  "the 
measTiremen’t,  like  all  field  measuremen'ts,  would  have  "to  be  performed  over  some 
finite  domain  of  dimension  L  ,  so  that  even  if  the  mass  m  of  the  l)ody  were 
concentrated  practically  in  a  point  the  strongest  field  which  could  be  measured 
wovild  be  of  order  m  L“^  .  But  the  quantum  fluctuations  thanselves  are  of  order 
L~^  [cf.  Eq.  (9.8.23)].  Hence,  it  makes  no  sense  at  all  to  talk  about  the 
gravitational  field  of  an  individual  elementary  particle  (m~  10  in  dimension¬ 
less  \inits).  The  static  field  exceeds  the  quantum  fluctuations  in  magnitude 
only  for  bodies  more  massive  than  3*07  X  10  ^  gram  (  the  unit  of  mass  in  the 
dimensionless  system).  From  this  point  of  view  the  gravitational  field  is 
plainly  a  statistical  phenomenon  of  bulk  matter,  although  its  fluctuations  are 
governed  by  quantum  laws. 

-32  -13 

Any  attempt  to  bridge  the  gap  between  10  cm.  and  10  cm.  by  means  of 
gravitation  alone  seems  practically  hopeless.  At  the  very  least  such  an  attempt 
would  have  to  invoke  exceedingly  complicated  processes.  Misner  and  Wheeler 
(1957)  have  made  a  preliminary  study  of  the  dynamics  and  properties  of  "worm- 
holes"  and  have  suggested  that  such  objects  may  provide  an  avenue  for  connecting 
gravitation  with  elementary  particles.  In  view  of  the  fact  that  a  'wormhole  is 
strictly  a  classical  entity,  however,  the  suggestion  must  be  viewed  with  a 
measure  of  skepticism.  It  is  far  from  clear  that  'wormhole  concepts  would 
provide  useful  mental  images  in  the  ultra-microscopic  domain  except  in  a  purely 
topological  sense.  The  possible  dynamical  existence  of  "wormholes"  depends 
crucially  on  the  nonlinearities  of  Einstein's  equations,  but  the  effect  of  these 
nonlinearities  must  be  described  in  c-number  terms.  The  situation  is  similar  to 
that  which  exists  in  the  relation  of  the  theory  of  exact  classical  solutions  of 
Einstein’s  equations  to  the  quantum  theory.  The  case  which  is  sometimes  made 
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for  discovering  and  studying  the  properties  of  such  solutions— particularly 
the  properties  of  wave  solutions— because  of  their  supposed  significance  for 
the  quantization  program,  is  largely  spurioxis.  The  study  of  nonlinearities  at 
the  classical  level  in  which  large  numbers  of  coherent  quanta  are  involved  has 
little  relevance  for  the  description  of  graviton-graviton  interactions.  The 
same  is  true  of  other  field  theories.  In  electrodynamics,  for  example,  a 
study  of  the  solutions  of  the  dynamical  equations  of  a  charged  classical  boson 
field  interacting  with  a  classical  Maxwell  field  will  never  lead  to  the  concept 
of  vacuum  polarization,  no  matter  how  exhaustively  pursued.  This  does  not  mean, 
of  course,  that  classical  nonlinear  problems  are  unimportant.  Indeed,  they 
arise  in  the  course  of  fundamental  investigations  on  the  behavior  of  large 
disturbances.  Quantum  mechanics,  however,  is  a  theory  of  small  disturbances, 
and  the  nonlinear  problems  which  arise  within  its  framework  are  usually  abstract 
and  without  classical  models. 

Only  in  the  domain  below  lO"^^  cm.  is  quantum  mechanics  itself  transformed 
into  a  theory  of  large  disturbances  and  violent  fluctuations.  ’  Theory,  of 
co\irse,  is  hardly  the  proper  word  to  use  here  since  it  does  not  yet  exist. 
Quantum  mechanics  is  certain  to  be  very  different  from  what  we  Itnow  it  in  this 
mysterious  region.  But  this  brings  us  back  again  to  the  problem  of  the  great 
gap  between  lO'^^  cm.  and  10~^^  cm.  It  is  necessary  to  admit  that  something 
"happens"  at  lO"^^  cm.  which  has  every  appearance  of  being  fundamental  and  not 
merely  a  statistical  manifestation  of  basic  phenomena  occurring  at  a  much  deeper 
level.  Complexities  are  present,  to  be  sure,  but  they  do  not  compare  with  the 
complexities  of  atomic  phenomena;  and  the  gap  between  lO"  cm.  and  10  cm, 
is  negligible  compared  to  that  between  10  cm.  and  10  cm.  Since  the  theory 
of  gravitation  has  nothing  special  to  say  at  10  cm.  it  is  necessary  to  look 
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elsewhere  for  the  descplptiOQ  of  Nature  at  this  level.  However,  the  geometrical 
vieijpoint  of  general  relativity  need  not  Toe  abandoned.  In  fact,  it  has  sever 
been  completely  abandoned,  as  is  evidenced  from  the  many  attempts  to  bring  order 
into  the  description  of  elementary  particle  phenomena  by  introducing  "internal 
spaces  and  invariance  groups.  On  the  other  hand,  it  has  not,  since  Einstein, 
been  pursued  with  the  single  micdedness  and  integrity  vrtiich  it  perhaps  deserves. 
It  may,  for  example,  be  worth  while  to  make  strong  attempts  to  link  the  apparent 
"internal"  spaces  more  directly  to  the  ordinary  fovir- dimensional  space-time  of 
everyday  ej^jerlance,  even  at  the  risk  of  resurrecting  some  long  abandoned  so- 
called  "unified  field  theories"  in  modified  or  generalized  form.  The  present 
unattractiveness  of  theories  of  this  type  is  due  at  least  in  part  to  the  lack 
of  a  quantum  formalism  for  them.  If  the  quantization  program  for  gravitation 
can  be  successfully  pushed  through  then  these  theories  may  become  more  attractive. 

The  existence  of  lO”^^  cm.  (or  even  10  ^^cm.  or  10  ^cm. )  as  a  practical 
limit  on  the  smallness  of  measurement  domains  does  not  mean  that  the  terminology 
of  field  theory  ("field  8trengths,""quanta,"  "fluctuations,"  etc.)  should  be 
abandoned  below  this  level.  Although  the  concepts  embodied  in  the  terminology 
become,  in  this  domain,  purely  abstract  rather  than  e;q)erimentBl,  no  question 
of  "hidden  variables"  is  involved.  Bie  continued  use  of  continuous  parameters 
(i.e.,  coordinates)  to  describe  dynamical  systems  at  this  level  is  an  unavoidable 
requirement  of  the  theory  of  group  representations.  The  fact  that  the  invari¬ 
ance  groups  of  physics  are  continuous  is  established  already  at  the  classical 
level.  Except  in  the  case  of  Abelian  groups,  continuous  groups  cannot  be 
successively  approximated  by  finite  groups.  There  is  no  in-between.^  Even 
lo”^^cm.  the  continuum  description  must  persist  if  the  general  coordinate 
transformation  group  is  really  fundamental.  Here,  however,  the  use  of  a 
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phenomenological  "cut-off",  reflecting  the  absolute  meaninglessness  of  concepts 
like  "field  strength"  at  this  level,  may  be  valid.  Deser  (1957)  l^as  given 
heuristic  arguments  for  this  possibility,  based  on  the  Feynman  quantization 
method. Such  a  "cut-off"  wotild,  of  course,  eliminate  the  ultra-violet  di¬ 
vergences  of  field  theory  and  establish  a  fundamental  role  for  gravitation  In 
elementary  particle  physics.  Moreover,  the  existence  of  a  "cut-off"  at  this 

wavelength  is  not  obviously  incompatible  with  the  success  of  modern  field 
in 

theory/correlating  experimental  data. 

A  brief  look  should  be  taken  at  the  possible  form  which  the  quantum  theory 
of  geometry  may  assume  in  its  eventual  development.  Although  it  has  been  shown 
that  the  requirement  of  asymptotic  flatness  at  infinity  is  not  essential  to  the 
quantization  program  it  will  nevertheless  often  be  a  convenient  assumption  in 
practice.  When  asymptotic  flatness  holds,  the  linearized  theory  should  provide 
an  excellent  framework  within  which  to  describe  conditions  in  the  remote  past 
and  futvire,  when  the  fields  associated  with  the  small  number  of  real  quanta 
involved  in  any  given  quantum  problem  are  dispersed  to  a  state  of  Infinite  weak¬ 
ness,  The  Riemann  tensor  is  then  effectively  a  true  Invariant,  and  its  positive 
and  negative  frequency  components  should  be  directly  usable  for  the  annihilation 
and  creation  of  initial  and  fineil  gravitons.  The  actual  interactions  between 
these  gravitons  as  well  as  the  interactions  between  gravitons  and  other  quanta 
will  then  be  described  in  terms  of  Green's  functions.  Instead  of  retarded  and 
advanced  Green's  functions  the  Feynman  propagator  will  be  appropriate  for  this 
description.  (It  differs  from  the  former  only  in  the  natiare  of  its  boundary 
conditions;  it  satisfies  the  same  basic  equations  [Eqs.  (9»3»7a,b) ]. )  The 
development,  however,  should  not  be  kept  within  the  confines  of  the  flat  space- 
time  approach.  For,  an  examination  of  the  inevitable  infinities  of  the  theory 
from  the  Lorentz  invariant  standpoint  leads  to  a  very  pessimistic  view  of  the 
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renormalization  picture.  In  opposition  to  this  view  it  must  be  constantly 
borne  in  mintl  that  the  "bad"  divergences  of  quantum  gravidynamios  are  of  an 
essentially  different  kind  from  those  of  other  field  theor^.es.  They  are  direct 
consequences  of  the  fact  that  the  light  cone  itself  gets  shifted  by  the  non- 
linearities  of  the  theory.  But  the  light-cone  shift  is  precisely  what  gives 
the  theory  its  unique  interest^  euid  a  special  effort  should  be  made  to  separate 
the  divergences  which  it  generates  from  other  divergences.  The  latter  may  well 
be  amenable  to  standard  treatment,  if  they  remeiin  at  all. 

As  for  the  light- cone- shift  it  is  impossible  to  foresee  what  techniques 
will  be  necessary  in  order  to  recqgnize  it  unambiguously  and  to  deal  with  it. 

As  a  pure  guess  one  might  imagine  that  the  badly  divergent  leading  terms  of  a 
perturbation  expansion  will  prove  to  be  summable  to  a  convergent  expression 
characterizing  a  "cut-off"  frequency  which  leads  to  a  breakdown  of  causality 
in  the  strict  Lorentz-coveriant  sense  euid  represents  the  effect  of  the  fluc¬ 
tuations  in  the  light  cone  from  vrtiich  it  originated.  It  must  be  confessed, 
however,  that  the  problem  remains  shrouded  in  darkness  emd  that  the  end  of  the 
chapter  leaves  us  only  at  the  beginning  of  the  subject. 

Chapel  Hill,  North  Carolina 

November  i960 
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Appendices  to  Part  11 


(9.fl)  Derivation  of  resiilts  tised  in  Section  6. 

The  coinputation  of  the  equations  for  small  disturbances  starts  with 

the  verification  of  the  following  variations: 
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These  e:q)ressions  are  obtained  by  straightforward  extension  of  the  methods 
begun  at  the  end  of  Section  5,  taking  into  account  the  fact  that  the  metric 
itselfj,  as  well  as  the  z-s  is  now  subject  to  variation.  Making  use  of 
these  expressions  together  with  the  definition  (9*5*78)  and  the  dynamical 
equations,  and  taking  note  of  the  admonitions  expressed  in  Eqs.  (9*6.5), 
(9.6.6)  and  (9.6.7),  one  finds,  by  direct  computation. 
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Use  of  these  ejtpresslons  in  the  variation  of  the  dynamical  equations  (9.6.9), 
(9.6.10),  (9.6.11),  (9.6.12)  leads  at  once  to  Eqs.  (9.6.18)  through  (9. 6.21) 
of  the  text. 

The  proof  that  the  Green’s  functions  of  Eq.  (9»6. 29)  are  consistent 
with  the  supplementary  conditions  (9.6.2^),  (9«’6.25)  involves  the  derivation 
of  some  identities  satisfied  by  the  wave  operators  »  etc.  3y  a  straight¬ 

forward  calculation  which  makes  use  of  the  readily  verified  identity 
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From  this  It  follows  that 
-  (0  ,  v^'6(z,z')  ,  0) 


(B.17) 


v“rF  F 

^  (^oj"  *  ^ae"  *  ^  * 


P±e" 

°  0* 


±6"y'  „±^- 


y'6' 


d\" 


±  7*  i 

^°”e"C"0'  °  6"^"  ‘^”e"C"7'5y 

=  (co'5(z,z"0  ,0,0) 

+  yF(z,z")v“  .pn  # 


,±  r’ 


where 


F(z,z’)  E  -  [(p  +  w)v“b( z,z' ) .  (B.19) 
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the  (§  "  being  the  Green's  functions  for  the  operator  (B.19)-  Hence,  finally, 

'P  '  ®C'r'6**P^ 


.  1  ip±  P±  >*  G*  )] 

^  2  cW  '  ^  '  opr'B’ 


bA/be* 


bA/bz^ 


^ 


(z«)  &A. 


«  e 


|dt‘  l^d}^(^[ai*ibA/bQ'‘)  +  v’'*  (5A/6z’'' ) 


1 


(B-23) 


which  vanishes  in  virtue  of  the  invariance  condition  (S-6,l6),  thus  confirming 
the  condition  (9-6.26). 

In  order  to  verify  the  supplementary  condition  (9-6.27)  one  makes  use  of 
the  additional  identities 
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which  can  be  obtained  by  a  straightforward  calculation  making  use  of  the 
Einstein  equations  (9.6.12),  the  commutation  laws  for  covariant  differentiation, 
and  the  algebraic  identities  satisfied  by  the  Biemann  tensor.  Using  these 
relations,  together  with  the  easily  verified  identity 
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where  the  wave  operator  for  the  Green*  s  functions  ($>“  .  Of 

Eq.  (9.6.28); 
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From  this  it  follows  that 
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whence,  making  use  of  an  integration  "by  parts,  we  have 
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which  vanishes  in  virtue  of  the  invariance  condition  ^*6.17  )* 

The  evaluation  of  the  Green’s  functions  ^  Op0* 

property  of  self-adjointness  possessed  hy  the  lower  right  hand  comer  of  the 
wave-operator  matrix  in  Eq«  (9,6»29)»  ^  property  which  may  “be  verified  by 
explicitly  computing  the  integral 
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for  arbitrary  jf  and  X^,g,  ,  and  showing  ttot  it  vanishes.  As  a  result 
of  this  self-adjointness  the  corresponding  corner  of  the  Green’ s-function 
matrix  satisfies  the  reciprocity  relation  (see  Section  3) 
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which  permits  Eqs.  (B.2l)  and  (B.22)  to  be  rewritten  in  the  forms 
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The  Green*s  functions  (E*34)  are  precisely  those  which  solve  the  equation 
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which  is  derived  frcm  E®.  (9.6.^)»  Therefore,  making  use  of  the  explicit 

forms  (9-6.32),  (9.6.35)  and  (9,6.47)  for  the  wave  operators  F^j,  ,  F^ji 

and  the  Green’s  functions  G*'  ,  and  carrying  out  an  integration  by  parts, 
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Now,  the  equation  which  the  Green*  s  f\anctions  7.'  satisfy  may  he  written, 
in  terms  of  the  proper  time,  in  the  form 
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[see  Eq,.  (B.I9).],  which  has  the  solution 
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Therefore  Eq.  (B.38)  becomes 
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where  the  are  the  functions  defined  in  Eq.  (9*6.52)  of  the  text. 
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It  is  convenient  also  to  introduce  the  twq«»point  function 
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and  its  inverse  d“^^*  ,  which  exists  at  least  when  z  and  z'  are  sxrffici- 
ently  close  together: 
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We  note  that  indices  induced  by  covariant  differentiation  commute  when  they 
refer  to  different  points,  Frcm  Eq,  (C»6)  we  therefore  infer 

which,  together  with  the  law  of  differentiation  of  inverse  matrices,  yields 
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Since  the  particle  world-lines  of  the  stressless  medium  are  geodesics  we 
hare  have 
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We  now  assert  that  the  solutions  of  Kq.,  (C.l)  are 
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To  prove  this  we  first  conipute 


=  Tp.“^0(+(t  -  T*))&(u,  U*)(D'^*  +  or/D"^’  ) 

•  <v  n  '  '  k^Ajz  / 


=  T  pQ-'^eCTCr  -  T*))&K  » 


(c.l7) 


in  which  EqSo  (Col'2)  aJid  (C.I3)  are  used.  Then,  making  use  consecutively  of 
Eqs.  (C.I2), (C.5),  (C.9),(C.7)  and  the  commutation  law  for  covariant  differen¬ 
tiation,  we  get 


Pq"^  eiH-r  -  T'))&(U,  l^)(T  -  T»)"^ 

,  ay  ot  7  a  ^T.-l8p* 

5  "  7'"-  5  -  5)^ 


-1  rQP' 

=  p 


+  6(+(T  -  T‘))6(u,  uO(T  -  -rM’^R^Vcr^y^.^D' 


AV 


-Ij.Qp'*  7.  6„a  „+ep* 

=  o  5^^  +  v'  v  R  csG  • 

^  y€0  ' 


(c-18) 


from  which  Eq.  (C.l)  follows..  We  therefore  have 


0°^’  =  -  Po“^(T  -  T»)S(u,  u^)D"^°^'  , 


(C.I9) 


and  from  Eq.  (9-6.53)  of  the  text  we  obtain  the  Poisson  bracket 


II  -  X 


(c.aa) 


=  -  p, 


= 


+  v«GvP‘ 

~^(t  -  t*)B(u,  u*)I^  # 

0  '  W  «iv  ' 

D-1^'  ^  vV  , 


(C.2l) 


■which  may  he  compaared  wi'th  Eq.»(9*^"50)  for  ■the  siagXe  relati'vistic  particle  in 
flat  space-time. 

From  Eq,  (C.I5)  it  follows  that 


a' 


8(u,  u‘)  =  0  , 


(C,22) 


This  relation,  together  with  Eq.  (9o5.80),  enables  us  to  show  the  consistency 

cc 

of  the  Poisson  bracket  (C«2D)  with  the  restriction  v^v  =  -1  ,  We  have 


1 

..CCx? 


(  (-V  v“)^  ,  z^’)  =  -  v„v’'(z“,  z^’). 


a 


a 


7r  /  0!  6’  M 

-  V^lv^(z  ,  )],, 


=  0 


(C.23) 


The  fact  that  it  is  the  function  d”'^^  which  appears  in  the  Poisson  bracket 
(C.a3)  may  be  understood  in  terms  of  the  disturbance  in  the  momentum  of  a  con¬ 
stituent  particle,  and  hence  in  the  direction  of  its  world  line,  which  results 

from  a  measurement  of  its  position.  For  D~  ^  may  be  recop’iized  as  the 

Q  B  * 

matrix  representing  the  transformation  from  the  variables  z  ,  z*^  which  speci¬ 
fy  ■the  geodesic  between  z  and  z*  by  means  of  its  end  points,  to  the  variables 

B  * 

z^  ,  cr.pl  which  specify  it  by  means  of  one  of  its  end  points  and  the  tangent 
vector  at  that  point.  If  the  tangent  vector  cr  ,  is  varied,  the  resulting 

w  P  "  ' 

variation  in  z®  is 


6z°  =  -  D-^* 


Ba 


P* 


(C.24) 


The  matrix  evidently  becomes  singular  on  the  caustic  surfaces  where 

the  geodesics  emanating  from  a  given  point  begin  to  cross. 


II  -  x± 


(9.D)  The  spinning  particle  In  a  gravltatlooal  flej^. 

we  consider  first  the  Thomas  precession.  For  this  purpose  it  is  convenient 
to  introduce  the  three  unit  vectors  n^“  of  Section  5  [see  Eqs. (9-5.64)  ]  along 
the  world  line  of  the  particle.  The  condlti^on  that  the  local  Cartesian  frame 
defined  hy  these  vectors  propagate  in  as  parallel  a  fashion  as  possible  is 


the  dot  denoting  the  covariant  proper  time  derivative.  Taking  the  covariant 
proper  time  derivative  of  the  first  of  Ecis.  (9-5-64)  we  also  have 


which,  together  with  (D.l),  Implies 


.a 

z  n 


z 


(D-3) 


The  spin  angular  momentum  tensor  Is  first  defined  In  the  local  Cartesian  system, 
Denoting  it  by  E.j(=  -  in  this  system,  we  may  express  its  components  in 

an  arbitrary  system  In  the  form 


a 

“3  ^13 


(D.4) 


which  automatically  satisfies  E^s.  (9-7-34).  The  Thomas  precession  is  obtained 
by  requiring,  that  the  spin  angular  momentum  tensor  be  constant  in  the  local 
Cartesian  system.  That  Is, 


Combining  this  with  Eq.  (D.3)  we  obtain  Eq.  (9-7-36)  of  the  text. 

The  definition  of  stress-energy  density  which  leads  to  the  ponderomotive 
equation  (9-7. 35 well  as  to  the  law  of  Thomas  precession  is 


II  -  xii 


(D.6) 


■where  m  is  the  particle  rest  maas  and  delta  function  defined 

hy  Eq,.  (9*6. 39)  with  z*  replaced  by  x  .  Making  use  of  the  identity 


®  06- V  “  2  a*6  ^  6*a^ 


(D,7) 


as  well  as  the  laws  for  Interchanging  the  order  of  covariant  differentiation, 
we  may  write  the  energy-momentum  conservation  law  In  the  fomn 


O  =  T^'' 

•  V 

.  /[.  *  I  *  o'p.al.rJ 

.  Ju-  «ii“  t  ■*  5 

r  |!?’'6(8'‘p.^)/6r  r  |  dr 

.  I  [if®  r  -  6%.„))dr  .  (B 

The  coefficients  of  the  delta  function  6^^  and  of  the  curl  ”  ®^p*a 

must  vanish  separately  in  the  Integrand,  and  hence  we  have 


(D,8) 


V«  'P  ^  vP  4.  1  R®  -P^/B 

mz  =  pzP  +  fr^zP  +  -  R  p^gz  Z  , 

!PP  =  -  (zPjP^  -  £«i?^)z’'  . 


(D.9) 


(D.IO) 


The  covariant  proper  time  derivative  of  the  second  of  Eqs.  (9»7”3^)  allows  us 
immediately  to  rewrite  Eq.(D.]i£»)  in  the  form  (9.7«36)  of  the  text.  Furthermore, 
multiplying  the  latter  equation  by  'z^  and  making  'use  of  the  identity  z^z  =  0 
as  well  as  of  the  antisymmetry  of  Z*^  ,  we  infer 


II  -  xlli 


(D.ll) 


whence  Eq.  (D.9)  reduces  to  Eq.  (9-7«35)  of  text. 

The  stress-energy  density  for  an  ensemble  of  spinning  particles  labeled 
by  parameters  u®  may  be  obtained  from  (D.6)  by  multiplying  by  the  particle 
number  density  in  the  Lagrangian  system  and  integrating  over  the  u  : 

.  p.l'vV  .  1  .  I  ,  (D.12) 

where  p  is  the  proper  rest  mass  density  and  is  the  spin  density: 


(D.13) 

(D.14) 


p  s  nm  ^ 

0^''  s  nZ^''  ,  o^^'v  =  0  . 

Equation  (D,12)'  may  be  used  to  verify  the  identification  of  with  the  spin 

angular  momentum  tensor  of  a  constituent  particle.  In  the  case  of  uniform 
motion  in  a  flat  space-time  the  momentum  density  of  the  ensemble  in  a  Cartesian 
rest  frame  is  entirely  due  to  the  spin  and  is  given  by 


T  (0) 

a 


1  „ 

“  2  Bb,b 


(d.15) 


According  to  the  conventional  definition  we  then  have,  for  the  total  angular 
momentum. 


a  aoc 


f  \  •  I  U-bcJ  Vci,i 


(D-16) 
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Footnotes 


1.  See,  for  example,  the  introduction  to  the  chapter  by  Arnowitt,  Deser  and 
Misner  in  this  volume. 

2.  The  author  hopes  Einstein*s  ghost  will  forgive  him  for  this  remark. 

3.  Attempts  to  “evaluate"  the  integral  when  the  dynamical  equations  are  satis¬ 
fied  generally  lead  to  the  trivialities  S=ooor  S=0. 

4.  As  is  well  known  fran  the  theory  of  continuous  groups,  most  of  the  properties 
of  the  gr<^'ip  in  the  large  are  determined  already  by  the  infinitesimal  trans¬ 
formations  (neighborhood  of  the  \mit  element).  Only  the  global  topology  of 
the  group  requires  separate  investigation,  but  we  do  not  concern  ourselves 
with  this  here. 

5.  It  is  assumed,  of  course,  that  the  invariance  group  alone  gives  rise  to  the 
totality  of  all  conditions  (9. 2- 5).  That  no  further  conditions  can  be  ob¬ 
tained  by  taking  variational  derivatives  is  assiired  by  the  identity  (9»2.3)» 

6.  Here  we  use  the  woid  "state"  in  the  classical  sense. 

7.  i.e.,  the  action  integral  restricted  to  this  time  interval.  For  this  com¬ 
parison  it  is  necessary  to  choose  one  of  the  many  otherwise  equivalent  inte¬ 
grands  which  does  not  trivially  vanish  when  the  dynamical  equations  of  the 
apparatus  are  satisfied. 

8.  An  integration  by  parts  is  not  permitted,  for  example,  in  the  integral 

r  h  r  k  -ik"  i’  i* 

/d  x"  /d  x'  G  unless  $  vanishes  sufficiently  rapidly  in 

the  remote  past.  The  integral,  in  fact,  may  diverge  if  the  latter  criterion 
is  not  met.  This  is  merely  one  aspect  of  the  circumstance  that  Eqs. 

(9.3.7  a,b)  are  of  purely  formal  validity  and  must  be  handled  with  reason¬ 
able  care. 
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9.  It  may  be  conjectured  that  this  group  is,  in  Tact,  the  groxop  of  all  mappings 
of  the  set  of  all  physically  distinct  solutions  of  the  dynamical  equations 
into  itself.  Just  as  each  physically  distinct  solution  is  characterized  by 
the  values  which  it  gives  to  all  invariants,  so  should  the  set  of  all  invar- 
•  .  .iants  be  able  to  generate  all  physically  distinct  solutions  differing  infini¬ 
tesimally  from  a  given  one.  While  the  truth  of  this  conjecture  can  hardly  be 
doubted,  the  author  has  not  succeeded  in  proving  it  for  the  general  case, 

10,  The  group  invariance  of  the  Poisson  bracket  may  likewise  be  checked  by  direct 
computation  and  use  of  appropriate  Identities . 

11.  In  nonrelativistic  theories  it  will,  of  course,  be  necessary  to  restrict  the 
formalism  to  the  subgroup  of  transformations  vinder  which  space  and  time 
coordinates  transform  independencly. 

12  e-g.,  if  a  displacement  exists  satisfying  Killing*s  equation; 

Bx  +  6x  =  0  ,  or,  when  the  trace  of  the  stress-energy  density 

V  ^  ^ 

1  e  O' 

vanishes,  the  more  general  equation:  “  2  ‘cr  ° 

13.  t  is  assumed,  however,  to  increase  monotonically  with  proper  time. 

14.  It  should  not  be  supposed  that  the  essentially  phenomenological  description 

of  the  clock  fails  to  lead  to  a  well  defined  quantum  theory - quite  the 

contrary.  Introducing  eigenvectors  |p'^  of  the  momenta  =  mx^  ,  and 

2  2 

noting  that  the  latter  are  constrained  by  the  condition  p  =  -  m  ,  one 
sees  that  the  simplest  covariant  normalization-completeness  ccaiditiun/which 
can  be  written  for  the  former  is 

Jdp(m*)  1  =  1  > 

where  p(m’)  is  a  monotonically  Increasing  function  characterizing  the  mass 
spectrum  of  the  clock.  Noting,  further,  that  Eqs.  (9- ^-50)  and  (9- ^-53)  iniply 
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and 

^<x*(T‘)|  =  i^x*(T‘)|m  , 

wliere  the  |x*(i*)^  are  eigenvectors  of  the  x*^(t),,  one  may  conveniently 
take 

<x-(rM|p->  -  (2,)' 

(p*x*  =  and  hence 

^x*(t‘)|x"(t'')^  =  iJa^'^^x’  -  x"jm‘)e^’('"’  "  dp(m‘)  , 

where  A^^^(x*  -  x"jm‘)  Is  the  positive  energy  component  of  the  familiar 
propagation  function  for  a  relativistic  particle  of  mass  m*. 

15.  Young’s  modulus,  the  htilk  modulus  and  Poisson’s  ratio  are  given  respectively 
by 

Y  =  2  >i(l  +  ct)  =  3k(l  -  2C7),  k  =  X+  |n, 


(See,  for  example,  American  institute  of  Physics  Handbook,  McGraw-Hill,  New 
York,  1957,  p.  2  -  10, ) 

16-  The  positive  eind  negative  frequency  components  are  uniquely  defined  by  the 
equations 


6x 


&x 


(+) 


6x 


(-) 


5x 


(-) 


=  6x 


(+)t 


8i 

a 


iOD&X 

a 


(+) 


where  co  is  a  positive  definite  Kermltian  differential  operator.  If  the 
vector  8x^^^^|0^  does  not  vanish,  then  because  8x^^^^  =  -  H], 

which  implies  H8x^^'*’^jC^  =  (E^  jC^  it  follows  that  8x^^'*^^|C^ 
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is  lower  them  that  of  the 


must  represent  a  state  in  which  the  average  energy 
ground  state.  But  this  is  a  contradiction  since  it  may  te  readily  shown 
that  the  Hamiltonian  (9.5-23),  with  internal  energy  given  hy  (9-5-39),  1=  - 
positive  definite  as  long  as  the  hulk  and  shear  moduli  are  positive 
(X,  >  -  I  11  <  0 )  and  therefore  possesses  a  spectrum  hounded  from  helow. 

17.  This  identity  is  readily  verified  hy  considering  the  minors  of  the  matrix 

formed  hy  the  four  vectors  n^^  and  observing  that  the  determinant  of 

the  matrix  itself  is  equal  to  .g  2  .  Here  it  is  assumed  that  the  vectors 

n  tiave  the  same  relative  orientation  as  displacements  in 

the  x,  x^,  x^  x^  directions  respectively  and  that  the  permutation  symbols 

are  taken  with  the  sign  conventions  ^  ^  0123  ”  ^  ' 

18.  The  symbol  is  effectively  unambiguous.  It  means,  of  course, 

(^®Uv^-CTT  ^^Sv-CTT^  latter  would  he  trivial.  Gener¬ 
ally  speaking,  when  parentheses  are  omited,  as  in  ^  f  *  ^^iv  -t  > 

etc.,  the  covariant  derivative  is  to  he  understood  as  performed  on  the  vari¬ 
ation,  rather  than  vice  versa.  The  same  holds  for  ordinary  derivatives. 


as  in  6s 


a 


19.  It  is  not  hard  to  show  that  Eq,  (9-6-21)  may  be  rewritten  in  the  form 
1 


g 


Vs 


•  I  ^V'^)s^^(s'"cT.p;^  +  ®  TX-CTp) 


+  g2(g!"V^  +  g'^V''  -  2  -  2  g’^R^^  +  g^''g''''R  -  I  B^''s''^R)s^ 


(JT 


+  I  [(p  +  w)v^^vVv'"  +  2  V^v'^t'''"  +  2  v^V 

-  v^^vV^  -  v%V^  -  +  I  no^v^B^J 


=  -  e8A/6g,,,  . 
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aO.  The  delta  functioaa  appear ii3£  la  the  definitlona  of  these  wave  operators  are 
to  be  taken  as  densities  of  weight  zero  at  the  point  z  and  unit  weight  at 
the  point  z*.  The  wave  operators  themselves  are  therefore  double-densities, 
having  unit  weight  at  both  z  and  z».  The  delta  functions  appearing  in 
the  final  matrix  in  Eq.-  (9»6-29),  on  the  other  hand,  have  unit  weight 
at  z  and  weight  zero  at  z*  . 

21.  One  of  the  drawbacks  of  the  coordinate  system  provided  by  the  clock  frame¬ 
work  is  that  under  sustained  compressional  motion  hypersurfaces  of  constant 
T  will  not  remain  sp£u:e-like  but  will  begin  to  cross  the  light  cone  after 
a  period  of  time  of  the  order  of  the  reciprocal  of  the  velocity  gradient, 
but  before  infinite  compression  is  reached.  This  is  not  a  practical  diffi¬ 
culty,  however,  when  the  elastic  medium  is  used  in  the  ground  state,  subject 
only  to  grnaii  osciUations-.  Oscillations  themselves,  even  when  violent, tend 
to  wash  out  the  effect. 

22.  It  is  well  that  such  terms  in  fact  appear.  It  will  be  noted  that  the  stress- 
energy  density  occurs  in  Eq.  (9-7-3)  with  the  opposite  sign,  from  what  it  has 
in  Eqs.  (9.3.61),  (9.3.62),  in  analogy  with  the  negative  sign  on  the  proper- 
time-dl aplacement  generator  m  of  Eq.  (9- ^-52).  If  the  first  term  of  Eq. 

(9'  7-3)  were  to  stand  alone,  energy  would  then  have  to  be  defined  as  a  neg¬ 
ative  definite  quantity.  Furthermore,  the  first  term  refers  only  to  the 
proper  energy  of  the  elastic  medium  and  ceumot  describe  ’energy  of  the 
gravitational  field,"  even  assuming  the  concept  to  be  meaningful  in  the 
general  case. 

23.  The  structvire  of  propagation  functions  in  the  presence  of  a  general  metric 
has  been  described  by  Hadamard  (1923)  and.  by  DeWitt  and  Brehme  (i960). 

24.  The  group  in  this  case  is  Abelian  and  analogous  to  the  gauge  group  of 
electrodynamics. 
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26. 


The  Introduction  of  the  notion  of  uniform  motion  right  at  the  start  is,  of 
course,  antithetical  to  Mach's  Principle.  Any  approximation  scheme,  however, 
is  almost  hound  to  he  antl-Machian,  since  Mach's  Principle  is  very  closely 
associated  with  requirements  of  self-consistency,  which  can  he  tested  only 
after  approximate  results  have  themselves  heen  obtained. 

Equation  (9.7.16)  has  the  fully  covariant  analog 
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which  may  he  used,  among  other  things  to  prove  that  gravitational  wave  fronts, 
represented  hy  discontinuities  in  the  Riemann  tensor,  propagate  along  null 
surfaces  (relative  to  the  metric  ahead  of  the  front)  end  have  polarization 
vectors  which  propagate  in  a  parallel  fashion  along  the  nuH_geod»eics. 


27.  For  Example; 
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28.  It  is  assumed  that  no  resonances  have  huilt  up. 

29.  We  here  employ  a  coordinate  system  which  is  extended  heyond  the  initial 
Instant  in  such  a  way  that  g^  remains  equtal  to  unity.  The  role  of  di¬ 
rectly  defining  the  coordinate  system  is  thus  tenqporarily  withheld  from  the 
test  hody  and  is  only  restored  to  it  at  the  end  of  the  measur-ement  period, 
when  the  hody  regains  its  previous  elastic  properties.  This,  however,  does 
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not  mean  that  the  coordinate  system  thereby  becooes  any  the  less  "Intrinsic, 
since  it  is  still  uniquely  determined  by  a  set  of  initial  conditions,  Actu- 
ally,  the  use  of  such  a  system  is  forced  upon  us  by  the  fact  that  the  coordi- 
nates  defined  by  the  test  body  are  rendered  temporarily  unfit  for  service  by 
the  disturbances  which  the  test  body  suffers  during  the  measurement  process 
(see  below) ^  On  the  other  hand  we  note  that  since  the  weak-field  situation 
is  assumed,  the  commutators  of  the  Riemann  tensor  in  this  system  are  not 
sensibly  different  from  what  they  would  be  in  a  system  defined  at  all  times 

by  an  undisturbed  body. 

30.  If  they  did  exist  it  would  be  possible  to  avoid  the  limitation  (9-8.29)  on 
the  smallness  of  measurement  domains.  On  the  other  h^d,  difficxilties  with 
the  stability  of  the  vacuum  would  then  be  encountered. 

31.  Here  there  is  no  question  of  field-theoretical  divergences.  If  one  were  to 

calculate  explicitly  the  contribution  of  the  gravitational  field  to  the 
quantum  fluctuations  in  the  invariant  strain  tensor,  for  example,  the  phe- 
nomenoiogical  cut-off  (9«5.56)  would  have  to  be  used  for  this  contribution 
Just  as  for  the  contribution  ccxning  from  the  elastic  wave  field.  This  is 
because  the  metric  at  any  point  in  the  elastic  medium  has  no  meaning  other 
than  as  an  average  over  a  region  of  volume  .  The  problems  of  divergence 

and  renormalization  must  be  considered  only  when  the  material  particles  in¬ 
volved  are  described  ab  initio  in  fundamental  field  theoretical  terms. 

These  remarks  also  hold  in  the  electromagnetic  case  considered  by  Bohr  and 

Rosenfeld. 

32.  The  state  of  the  body  before  and  after  the  field  measurement  is  practically 

unstrained.  A  field  which  is  weak  enou^  for  quantum  effects  to  be  important 
produces  an  average  strain  in  a  stiff  elastic  medium  of  order 

R  l2  ,  ««L  or  less.  The  strain  in  contrast,  may  be  much  large 
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53.  It»  ratio  with  £a  la  «  (^  +  2  |i)/po  “  °j  <  ^  * 

54.  The  energy  density  stored  In  the  cooapensatlon  mechaniam  may  neglected  In 
coinparison  with  .  To  prove  this  we  first  note  that  the  sound  velocity 
corresponding  to  the  modulus  (9.8. 71)  is  of  order 


35- 


The  proof  then  follows  by  the  inequality  of  footnote  55. 

Here  again  we  employ  a  coordinate  system  which  is  detached  from  the  test  body 
during  the  measiarement  interval  T  but  which  is  uniguely  specified  by  ini 


conditions.  (Cf.  footnote  29) 

36.  For  a  purely  group  theoretical  eqpproach  to  the  quantization  of  geometry  the 
reader  is  referred  to  the  papers  of  Klein  (1955)  and  Laurent  (1959)- 

37.  Only  the  most  rudimentary  development  of  the  Feynman  techniqu 

been  achieved  in  general  relativity.  For  a  discussion  of  the  problems  in¬ 
volved  in  this  difficult  subject  see  the  papers  by  Mlsner  (1957)  sjxd. 


Laurent  (1959)- 
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